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There are very few formalisms available to solve the Liouville equation for energy-c

systems. The continued fraction formalism, introduced through the works of Zwanz

Kubo, Lee, Grigolini and others is described here. A detailed discussion is presented

to apply the continued fraction formalism to solve for relaxation functions and

dynamical variable itself for a simple and exactly solvable quantum spin system.

r 2005 Elsevier B.V. All rights reserved.
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In solving every dynamical problem, one must solve an appropriate equ
motion. Perhaps the most commonly encountered equations of motion
Newton’s equations for describing the dynamics of classical systems
Heisenberg equation of motion for describing the dynamics of quantum me
systems. These two equations are referred to jointly as the Liouville equation
objective of this article is to present a detailed discussion of how to s
Liouville equation.

The presentation is geared towards a typical beginning graduate stud
has had some background in thermal physics, has seen the Gibbs–Duhem e
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introduced to the canonical ensemble in statistical physics [3] and has had e
to introductory level quantum mechanics [4] as seen in most underg
curricula. The main motivation for this review is to introduce the continued
approach as a mathematical and computational tool for dynamical st
systems that are often of interest in the context of statistical physics, co
matter physics and materials science. Continued fraction method based app
have been successfully employed by many authors across period of some 40
studies of dynamical response of magnetic, semi-conducting, superconduc
lattice systems as well as in liquids [5].

We do not address solving the Liouville equation with a time-de
Hamiltonian in the system. Driven systems can exhibit far from equ
dynamics, and hence, must often be handled on an individual basis by
attempting to solve the appropriate dynamical equation. Nor do we address
in which particles can have relativistic speeds, although, such an extensio
present discussion may be possible. There are physical systems for w
equilibrium state cannot be guaranteed. Indeed an equilibrium state may n
exist in many systems [6,8,9]. Such ‘‘non-equilibrium’’ systems will not be a
here. However, all other conservative systems, whether they are many-body
few-body systems or one-body systems, with interactions that are linear
nonlinear, and for which there is an equilibrium state that can be defined
studied via the continued fraction formalism. This is precisely what we set o
below.

Another point to keep in mind is that the continued fraction form
typically geared to study dynamical systems in all its detail. The
hence carries all possible dynamical information. Such details may not al
necessary when studying some problems, e.g., when studying the dyna
particles in a fluid, where the time scale of motion of the fluid particles c
significantly faster than that of motion of the particles. To deal with
with disparate time scales, one may wish to pursue a Langévin equation [7] a
instead of solving the complete Liouville equation. In the Langévin e
one would replace the fluid with its fast time-scale dynamics effective
viscous medium that offers appropriate frictional effects. Alternat
Hamiltonian may be suitably modified and the continued fraction forma
solving the Liouville equation may be used to study the dynamical proble
desires to carry some of the details of interactions between the fluid and the
in our example.

The time evolution of some operator AðtÞ (e.g., the spin at a site in a spin s
the velocity of a particle in a solid or liquid) in a system described by som
independent Hamiltonian H is described via the Liouville equation as follo

dAðtÞ

dt
¼ iLAðtÞ ,

where L is the Liouville operator that carries information about the
ltonian of the system. The algebra of the operators used to describe the d



of the system also enter into the dynamical calculations. For classical systems,
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one writes

LA � fH;AgPB �
XN

i¼1

qA

qqi

qH

qpi

�
qA

qpi

qH

qqi

� �
,

where PB refers to Poisson’s bracket and qi and pi refer to position and mo
of particle i in a system of N particles. For quantum systems, on the other

LA �
1

_
½H;A� ,

where the square bracket denotes a commutator bracket and _ � h=2p wher
Planck’s constant. The objective of this article is to describe a way to find A

will assume that the canonical ensemble partition function

Z ¼
X
En

expð�bEnÞ ¼ Tr expð�bHÞ ,

where En are the energy eigenvalues of H, b ¼ 1=kT , where k is the Bo
constant, T is the temperature of the system and Tr implies a Trace operatio
is the same as summing over the eigenvalues of the system. We will not p
other conditions on our approach.

Once AðtÞ is known, the relevant dynamical quantities for the system
obtained. The results can be checked by comparing with results obtained
different method or perhaps via comparison with experiments, if such a com
can be justified.

This article is organized as follows. In Section 2, we outline the continued
formalism that allows one to construct a formal solution to AðtÞ. In Secti
explicitly work out a problem in which AðtÞ is constructed and relaxation f
and even certain equilibrium quantities that can be obtained using the co
fraction formalism are worked out. Section 4 closes with a discussion on app
to other systems.
2. The continued fraction formalism

uantum
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The formal solution to the Liouville equation can be written for q
dynamical systems as follows:

AðtÞ ¼ expðiLtÞAðt ¼ 0Þ

¼ expðiHtÞAðt ¼ 0Þ expð�iHtÞ .

However, explicitly writing out Eq. (5) as a function of time, as stated, am
performing a Taylor expansion in time. Such expansions tend to get alge
very complicated and are often of limited value. Hence, a Taylor expansion
not a good way to address a dynamical problem across extended time scales.
dynamics-based simulations, such as molecular dynamics simulations [
essentially Taylor expansion-based approaches to iteratively evolve a system
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expansion based.
We start off by picturing AðtÞ as a vector in a d dimensional vector space (

shall later see, a Hilbert space), as below,

AðtÞ ¼
Xðd�1Þ
n¼0

anðtÞf n ,

where the right-hand side (RHS) of Eq. (6) states that, in general, AðtÞ can be
in terms of some orthogonal basis vectors f n’s (i.e., completely inde
of each other) and time-dependent scalar coefficients, anðtÞ’s [11–1
dimensionality d of the vector space is dependent on H. We will talk abou
depends on H below. The picture to keep in mind is very similar to that of de
a vector in terms of unit vectors and associated scalar coefficients in a space
vectors. The key difference here is that we have not assumed f n’s to be unit
To define orthogonal vectors, it would now be necessary to impose a
orthogonalize the f n’s.

Constructing orthogonal vectors is a routine problem in mathematical
Orthogonal vectors are usually constructed via the Gram–Schmidt proc
that can be stated as follows. Suppose one has a complete set of vectors
by fg1; g2; . . . ; gNg. Then a complete set of orthogonal vectors fh1; h2; . .
given by

hn ¼ gn �
ðgn; h1Þh1

ðh1; h1Þ
�
ðgn; h2Þh2

ðh2; h2Þ
� � � � ,

where (,) denotes a scalar product. Thus, the scalar product of two vector
problem must be defined to generate an orthogonal set of vectors. But how d
choose a scalar product? It turns out that there is no unique choice. Dependi
the system under study, one would typically wish to choose scalar produ
render the construction of an orthogonal set of ff ng’s as easy as possible. T
choice of scalar product is an important step and directly affects ones ability
a problem.

Since most physical systems are not entirely isolated but are place
environment such that the system temperature T typically matters, and sinc
often interested in the temperature-dependent behavior of a system, it is
convenient to design a scalar product that somehow brings temperature
problem. The basic thinking may be to rewrite Eq. (6) as follows:

AðtÞ ¼
Xðd�1Þ
n¼0

anðt;bÞf nðbÞ ,

where b dependence can be brought in via the scalar product but AðtÞ

temperature independent. Mori and several workers adopted the susce
formula [15], which is basically a generalized fluctuation formula, as th



product. This quantity is often referred to in the literature as the Kubo scalar
follows,
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product. One can define the Kubo scalar product of two vectors X and Y as

ðX ;Y Þ �
1

b

Z b

0

dlhX ðlÞY yi � hX ihY yi ,

where the canonical ensemble average of any operator O can be wr
hOi � TrO expð�bHÞ=Tr expð�bHÞ, and X ðlÞ � expð�lHÞX ðexpðlHÞ.
that X ðlÞ looks similar to AðtÞ as written in Eq. (5). A simple way to con
two is by assuming that time t ¼ �ib (which is often referred to as the ‘‘im
time transformation’’). We will revisit this intriguing connection between
later. For the moment, let us just note that the Boltzmann factor expð�bHÞ

time evolution behavior described in Eq. (5) appear to have interesting simila
is instructive to note that in the limit b! 0, i.e., as T !1, Eq. (9) reduc
fluctuation formula ðX ;Y Þjb!0 ¼ hXY yi � hX ihY yi. Thus, when working o
problems, it may be more convenient to use the fluctuation formula instea
Kubo scalar product (or susceptibility formula) [16].

To construct a space of orthogonal vectors, we must fix the first vector. Th
analogous to fixing the direction of the x-axis when drawing a right
coordinate system with x-, y- and z-axes. At this point, one can make a co
between the work at hand, i.e., solving the Liouville equation and what o
linear response theory. In linear response theory, one imagines that the sys
been given a small perturbation. The perturbation is so small that the energ
system remains unaffected by the energy of the perturbation. We choose f 0

0Þ � A in Eq. (6). This choice allows one to describe the dynamics of A

manner that directly connects with the evolution of operator AðtÞ that evolve
due to a perturbation. Further, Að0Þ ¼ A ¼ ða0ð0Þf 0 þ a1ð0Þf 1 þ � � �Þ imp
a0ð0Þ ¼ 1 and anð0Þ ¼ 0 for n40 and that for an orthogonal set of f n’s
ðAðtÞ;AÞ=ðA;AÞ [17].

Once f 0 has been chosen, the Gram–Schmidt method can be used to ortho
the f ns, for all n40. The scalar product to be used can be the Kubo scalar
defined by Eq. (9) above. The Kubo scalar product satisfies the following pr
(i) ðX ;Y Þ ¼ ðY ;X Þ and (ii) ðLX ;Y Þ ¼ �ðX ;LY Þ. The derivation of these pr
are shown in Appendix A. Properties (i) and (ii) above jointly imply that ðL
0 or ð _X ;X Þ ¼ 0, i.e., _X is orthogonal to X . However, using properties (i) and
a simple exercise to show that fX ;LX ;L2X ; . . . ;LNX g do not form a comp
mutually orthogonal set.

Gram–Schmidt orthogonality process tells us that if f 0 ¼ A, then f 1 ¼ iL
since as stated above, ðLf 0; f 0Þ ¼ 0, f 1 is orthogonal to f 0. We must now fin
us first assume that f 2 ¼ iLf 1. Since ðf 2; f 0Þ ¼ 0 and ðf 2; f 1Þ ¼ 0, it follows
the choice of f 2 made, ðf 2; f 0Þa0. To satisfy both of the orthogonality condi
need to respect, we let f 2 ¼ iLf 1 þ c. The orthogonality conditions impose
new f 2 then require that ððiLÞ2f 0; f 0Þ ¼ �ðc; f 0Þ, ðc; iLf 0Þ ¼ 0 and ðc; f 0Þ ¼

are two non-trivial choices that satisfy the above conditions. These choice
c ¼ cA where c is some constant to be determined and (ii) c ¼ c0ðiLÞ2A, wh



some constant. Choice (ii) yields ððiLÞ2f 0; f 0Þ ¼ �ðc; f 0Þ ¼ �c0ððiLÞ2f 0; f 0Þ or
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c ¼ �1, which also implies f 2 ¼ 0. The choice c ¼ c ðiLÞ A violates the co
ness requirement of the chosen Hilbert space by forcing the description of al
into two dimensions (since d ¼ 2). Thus, the only admissible choice is c ¼
this choice, ððiLÞ2f 0; f 0Þ ¼ �ðc; f 0Þ, or ð

€A;AÞ ¼ �ðX ;AÞ, i.e.,

c ¼ �
ð €A;AÞ

ðA;AÞ
¼
ð _A; _AÞ

ðA;AÞ
¼
ðf 1; f 1Þ

ðf 0; f 0Þ
� D1 .

If we now construct f 3 ¼ ðiLÞf 2 þ D2f 1 where D2 ¼ ðf 2; f 2Þ=ðf 1; f 1Þ, then i
shown that ðf 3; f 0Þ ¼ 0, ðf 3; f 1Þ ¼ 0 and ðf 3; f 2Þ ¼ 0. The Gram–Schmidt o
nalization process thus yields

f 1 ¼ iLf 0 ,

f nþ1ðbÞ ¼ iLf nðbÞ þ DnðbÞf n�1ðbÞ; nX1 ,

where

DnðbÞ �
ðf nðbÞ; f nðbÞÞ
ðf n�1ðbÞ; f n�1ðbÞÞ

.

The quantities ðf n; f nÞ (where the b dependence is no longer explicitly menti
purposes of brevity) represent the equivalent of the squared length of the bas
f n in the Hilbert space that we have constructed via Eqs. (8) and (9). Hence,
represent the ratios of the length squared of successive basis vectors and in tu
information about the ‘‘shape’’ of our Hilbert space (i.e., whether it is some
even infinite dimensional ‘‘hypersphere’’ or something else). It will become ev
Section 3 that the Dn’s carry information about equilibrium correlation
system. Eq. (10) is often referred to in the literature as recurrence relation I
As we shall see, RR I allows us to construct all the f n’s that are allowed by th
Hamiltonian H. These f n’s are, in general, temperature dependent. As we
below, when do1, there are only a finite number of f n’s that are allowe
system.

We are still far from having solved the Liouville equation. We must now c
a way to determine the anðt;bÞ. Once ff ng and fang are known, AðtÞ can be
obtained. It may be noted that since AðtÞ is b independent, one may choose
out the study of RR I at any specific value of b that may be conven
calculations, such as at b! 0 or T !1 or at b!1 or T ! 0.

To obtain fanðtÞg, one must substitute Eq. (8) into Eq. (5) and ensure tha
are described by Eq. (10) as follows:

_AðtÞ ¼
Xðd�1Þ
n¼0

_an f n ¼
Xðd�1Þ
n¼0

an iLf n

¼
Xðd�1Þ
n¼0

anf nþ1 �
Xðd�1Þ
n¼1

anDnf n�1



¼
Xðd�1Þ

a f �
Xðd�1Þ

D a f
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n¼1
n�1 n

n¼0
nþ1 nþ1 n

¼
Xðd�1Þ
n¼0

ðan�1f n � Dnþ1anþ1f nÞ; a�1 � 0 ,

Xðd�1Þ
n¼0

_anðtÞf n ¼
Xðd�1Þ
n¼0

ðan�1f n � Dnþ1anþ1f nÞ

or

Dnþ1anþ1 ¼ � _anðtÞ þ an�1 ,

which is referred to in the literature as recurrence relation II (RR II). Solvi
and RR II allows one to completely solve the Liouville equation and con
solution to AðtÞ in Eq. (5). Observe that since anðt ¼ 0Þ ¼ 0 for n40 (see dis
between Eqs. (9) and (10) above) and since a�1 � 0 (see Eq. (11)), Eq. (12
that _a0ð0Þ ¼ 1, which is a result with an important consequence, name
relaxation processes cannot be purely exponential in nature.

A close look at Eq. (12) shows that by knowing a0ðtÞ, all anðtÞ f
can be found. But Eq. (12) does not readily reveal much about how to fi
Recall that a0ðtÞ ¼ ðAðtÞ;AÞ=ðA;AÞ is a physically meaningful quant
describes how AðtÞ ‘‘relaxes’’ to an equilibrium state at time t after th
perturbation (that led to the time-evolution process) was effected. When
a non-equilibrium relaxation process against some equilibrium sta
relaxation function, a0ðtÞ, turns out to be a quantity of central imp
(perhaps just about as important as the partition function itself in
brium statistical physics). Studying time-evolution processes in int
many-body systems is a formidable task and indeed a handful of exact s
are known. Thus, construction of a complete solution to the Liouville e
and hence complete knowledge of AðtÞ is seldom possible [18–24,27–3
for all practical purposes, significant knowledge of relaxation process
system can be gained by constructing a0ðtÞ alone. The primary goal of the co
fraction formalism is to construct AðtÞ. However, when such a goa
mathematically insurmountable, constructing a0ðtÞ only turns out to be
best option. Fourier transform of a0ðtÞ relates to experimentally accessible q
of many-body systems such as the dynamical structure factor or the dy
susceptibility [31].

One way to recast Eq. (12), i.e., RR II, in a way such that one may be abl
a0ðtÞ, is to take the Laplace transform of both sides. This step amounts to lo
frequency behavior in the problem instead of the time-dependent b
However, there is no harmonic mode analysis involved in the process o
the Laplace transform. The Laplace transform of anðtÞ is written as

anðzÞ ¼Ta0ðtÞ ¼

Z 1
0

dt expðztÞanðtÞ ,



whereas the inverse Laplace transform is written asZ
(14)
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anðtÞ ¼T�1anðzÞ ¼
1

2pi C

dt expðztÞanðzÞ .

The contour integral in Eq. (14) runs to the right of the imaginary axis (the
from �i1 to i1 and completes a semi-circle at infinity on the negative sid
real axis [32]. Laplace transform of RR II yields the two following equatio

1 ¼ za0ðzÞ þ D1a1ðzÞ; n ¼ 0 ,

an�1ðzÞ ¼ zanðzÞ þ Dnþ1anþ1ðzÞ; nX1 ,

Eq. (15) can be written as

1

a0ðzÞ
¼ zþ D1

a1ðzÞ

a0ðzÞ
; n ¼ 0 ,

whereas Eq. (16) can be used to write,

a0

a1
¼

1

z
þ D2

a2ðzÞ

a1ðzÞ
,

or, carrying on as in Eq. (18)

a0ðzÞ ¼
1

zþ D1

zþ
D2

zþ
D3

zþ to ðd�1Þ

.

Solving the continued fraction in Eq. (19) above solves the problem of dete
a0ðzÞ. Once a0ðzÞ is known, the inverse Laplace transform expressed in Eq. (
in principle, be used to obtain a0ðtÞ. RR II can then be used to find the entire
and combined with the knowledge of ff ng it becomes possible to construct

As can be seen, a0ðzÞ depends on the behavior of the Dn’s. The temp
dependent Dn’s in turn depend on equilibrium properties of the system
equilibrium properties are typically assumed to be expressed in canonical o
canonical ensembles.

One can see that do1 and d !1 are the two possible scenarios that on
encounter in constructing ff ng. If it turns out that f d ¼ 0, then the series in
closes and the Hilbert space becomes d-dimensional with do1. For do1
the continued fraction in Eq. (19) will have d levels and hence d poles. If d

there is always a pole at z ¼ 0. If d is even, then the pole at z ¼ 0 will be abse
cases when do1, inverse Laplace transform of a0ðzÞ yields a solution with
number of terms, each with oscillatory time dependence. Since most int
many-body systems disperse the energy imparted in a perturbation, it is com
find d !1 in most systems. We shall return to these remarks in the di
following Eq. (49) in Section 3 below.

When d !1, as is the case for most systems, the continued fraction bec
infinite continued fraction, i.e., one that does not terminate. Since co
fractions must be evaluated from the lowest level upwards, infinite co
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have some non-tractable pattern [32–36].
In most physical systems where d !1, Dn’s either tend to remain

mately constant or grow as n increases [37–40]. These equilibrium q
carry information about how the components (particles or spins or w
are the objects used to describe the energetics of the system) of the
interact across all length scales. There is no bound on Dn’s as con
So, the issue of how to calculate a0ðzÞ boils down to the issue of h
grow as function of n. Studies show that there are broadly speaking two cate
behavior of Dn versus n, namely, Dn�nf where (i) 0pfo2 and (ii) whe
For case (i) above, the infinite number of poles in Eq. (19) can b
rately estimated by finite continued fractions with many levels (such as 10
levels) across desired time windows through which a0ðtÞ is being sought. We
these convergent continued fractions. However, for case (ii) above, the
continued fractions cannot be estimated via finite continued fractions thro
meaningful time window of interest in the study of a0ðtÞ. We will call th
convergent continued fractions [32]. By non-convergent what we mean is
must take into account all the infinite levels in the continued frac
constructing a0ðtÞ.

There may be connections between Hamiltonians that lead to non-co
continued fractions and properties of systems that exhibit phase transit
particular, properties addressed by the so-called Yang–Lee theorem [41
states that the phase transition properties of a system cannot be infe
incomplete knowledge of the temperature dependence of the partition funct
by estimating non-convergent partition functions via Taylor expansions [40

Before we consider an example in which we can start with the Hamilton
end up constructing the formal solution to the Liouville equation u
continued fraction formalism, it is important to see that the Liouville equa
be written in a certain parametrized form, a form that is often seen in the l
and is known as the generalized Langévin equation (GLE). We start this di
by first rewriting RR II (Eq. (12)) as follows:

1 ¼ za0 þ D1a1 ¼ za0 þ Fa0 ,

where

F � D1b1; bn �
an

a0
.

The inverse Laplace transform of Eq. (20) yields the following:

_a0ðtÞ þ

Z t

0

dt0Fðt� t0Þa0ðt
0Þ ¼ 0 .

Since

a�10 ¼ ðzþ FÞ; a�10 ¼
bn

an
,
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bnðzÞ ¼ ðzþ FÞanðzÞ; nX1 .

The inverse Laplace transform of Eq. (24) yields

_anðtÞ þ

Z t

0

dt0Fðt� t0Þanðt
0Þ ¼ bnðtÞ .

Multiplying Eq. (22) by f 0 and Eq. (25) by f n and summing over from
n ¼ ðd � 1Þ yields the GLE

_AðtÞ þ

Z t

0

dt0Fðt� t0ÞAðt0Þ ¼ F ðtÞ ,

FðtÞ ¼ D1b1ðtÞ ¼ D1
a1

a0
.

The form of the GLE resembles that of Newton’s equation. The term F ðt

right-hand side is called the generalized random force, although, as is evide
the derivation of Eq. (26), F ðtÞ is not a random quantity but a deterministic q
All the terms except _AðtÞ are temperature dependent. The quantity FðtÞ is c
memory function [42] and can be thought of as a force–force dynamical co
function. Thus, FðtÞ is a term that carries the memory of interactions that e
the evolution of the dynamical variable under study. If we assume AðtÞ is velo
and Fðt� t0Þ ¼ �gdðt� t0Þ, then Eq. (26) becomes

_pðtÞ � gpðtÞ ¼ F ðtÞ ,

which is often seen in the literature and called the Langévin equation [7]. Th
special case, Fðt� t0Þ ¼ �gdðt� t0Þ, refers to systems in which mem
interactions is lost instantaneously; such a special case is defined to
‘‘stochastic limit.’’ In systems with disparate time scales, such as a scenari
many fast-moving particles weakly influence some large and slow-moving p
description via the stochastic limit may be a reasonable approximation. The
g is a friction or drag coefficient.
3. Application: Transverse dynamics of Ising model

n-trivial,
ns in the
ollowing

(28)

bors via
he spins
To illustrate the application of the continued fraction formalism to a no
yet solvable problem, we consider the so-called ‘‘transverse dynamics’’ of spi
Ising model [43] in one dimension. The model is described by the f
Hamiltonian:

H ¼ �J
XN

i¼1

Sz
i Sz

iþ1 ,

where the z components of the spins at each site interact with nearest neigh
some coupling �J. Thus, the lowest energy state would be realized when all t



are parallel to each other, meaning all are ‘‘up’’ or all are ‘‘down’’. If J in Eq. (28) is
igned or
oriented
in many
ead this
g model
ensional
e a great
that of

sketched

[45]. In
ribe the
uch as a
o-called

a ring,
oundary
For our
Hence,

averages
s a spin
¼ 2. In
¼ 1=2.

and one

e Pauli
¼ _2=4.
� ¼ i_Sx

i

eft-hand
rs from
use the
problem

ynamics
een H

Sz
k� ¼ 0.
namics.
ropriate
iltonian
for to0
e x or
iltonian
n of the
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negative, the ground state is the state where every adjacent spin is anti-al
anti-parallel. At finite temperatures, the system looks disordered with spins
randomly. The equilibrium behavior of the Ising model is well described
texts (see for example Refs. [3,44,45]) and we encourage the reader to r
review with easy access to at least one of these texts. We will consider the Isin
with nearest-neighbor interactions in one dimension here. Higher dim
extensions of this study are mathematically more challenging but do not hav
deal of additional physics to offer. Higher-dimensional studies (such as
transverse dynamics in two and three spatial dimensions) have been
elsewhere [19,25].

The Ising model is well known as one of the simplest models for magnetism
addition, the model is widely used for a wide array of applications to desc
physics of systems that involve characterizing each site via two possibilities (s
set of empty sites and a corresponding set of occupied sites as in s
Lattice– Gas models [44]).

We assume that there are N spins in the system. The system may be
where there is periodic boundary condition, i.e., Sz

Nþ1 ¼ Sz
1. Other b

conditions such as free ends or fixed ends may also be considered.
purposes, the dynamics will turn out to have localized excitations.
the details of the boundary conditions will affect the equilibrium
but will not affect the dynamical behavior of the system. Each site ha
and each site has two nearest neighbors, i.e., the coordination number q

this system, we assume that the sites have quantum mechanical spins S

Thus, the number of spin states is 2S þ 1, or two (i.e., one being up
being down).

The spin operator Sa
i � _=2sai , where sai is the a component of th

spin matrix at site i, a being x, y or z [45] and s2a ¼ 1 and hence ðSa
i Þ

2

The commutation relations of these matrices lead to: ½Sx
i ;S

y
i � ¼ i_Sz

i , ½S
y
i ;S

z
i

and ½Sz
i ;S

x
i � ¼ i_S

y
i , and changing the order of the operators on the l

side switches the sign on the right-hand side in each case. Operato
different sites always commute. We henceforth set _ ¼ 1 and proceed to
continued fraction formalism to solve the relatively simple dynamical
at hand.

If one picks Sz
k as the dynamical variable and recalls that the d

of the operator Sz
k is dictated by the commutation relation betw

and Sz
k, one can study the dynamics of Sz

k. It turns out that ½H;
So, Sz

k for any k is a constant of motion, i.e., the Sz
k operator has no dy

However, since ½H;Sa
k�a0, for a ¼ ðx; yÞ, Sx

k or S
y
k would be app

dynamical variables. To initiate dynamics of the Sa
k spin above in the Ham

in Eq. (28), one may introduce a perpendicular magnetic field hperpa0
but hperp ¼ 0 for t40. This field can be designed to couple with th
the y components of the spins. Once hperp is switched off, the system Ham
is given by Eq. (28) and it becomes possible to study the time evolutio
operator Sa

kðtÞ.



We choose our dynamical variable to be
PN

k¼1Sx
kðtÞ. Thus,

ð29Þ

ð30Þ

ð31Þ

anishing

(32)

(33)
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f 0 �
XN

k¼1

Sx
k ,

ðf 0; f 0Þ ¼
XN

k;l¼1

ðSx
k;S

x
l Þ

¼
XN

k¼1

ðSx
k;S

x
kÞ � wperp .

It is now possible to use Eq. (10) and obtain

f 1 ¼
_f 0 ¼ i½H; f 0� ¼ �i J

XN

i¼1

Sz
i Sz

iþ1;
XN

k¼1

Sx
k

" #

¼ � iJ
XN

i;k¼1

fSz
i ½S

z
iþ1;S

x
k� þ ½S

z
i ;S

x
k�S

z
iþ1g

¼ � iJ
XN

i;k¼1

fiSz
k�1S

y
k þ iS

y
kSz

kþ1g

¼ J
XN

k¼1

fSz
k�1S

y
k þ S

y
kSz

kþ1g .

The corresponding Kubo scalar product is

ðf 1; f 1Þ ¼ J2
XN

k;l¼1

ðfSz
k�1S

y
k þ S

y
kSz

kþ1g; fS
z
l�1S

y
l þ S

y
l Sz

lþ1gÞ

¼ J2
XN

k;l

fðSz
k�1S

y
k;S

z
l�1S

y
l Þ þ ðS

z
k�1S

y
k;S

y
l Sz

lþ1Þ

þ ðS
y
kSz

kþ1;S
z
l�1S

y
l Þ þ ðS

y
kSz

kþ1;S
y
l Sz

lþ1Þg .

It can be shown (see Appendix B) that only the k ¼ l terms give non-v
contributions. Thus,

ðf 1; f 1Þ ¼ 2J2
XN

l¼1

1

4
ðS

y
l ;S

y
l Þ þ ðS

y
l ;S

z
l�1Sz

lþ1S
y
l Þ

� �
.

The quantity D1 defined below Eq. (10) then becomes

D1 ¼
ðf 1; f 1Þ

ðf 0; f 0Þ
¼

J2

2
1þ 4

P
l ðS

y
l ;S

z
l�1S

z
lþ1S

y
l ÞP

lðS
x
l ;S

x
l Þ

� �
¼

J2

2
ð1þ 4w�Þ ,

w� �

P
l ðS

y
l ;S

z
l�1S

z
lþ1S

y
l Þ

wperp

.



Proceeding as shown above,

(34)

ð35Þ

(36)

(37)

(38)

(39)

perators
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f 2 ¼
_f 1 þ D1f 0 ,

where

_f 1 ¼ �iJ
2
XN

i;k¼1

f½Sz
i Sz

iþ1;S
z
k�1S

y
k þ S

y
kSz

kþ1�g :

Using

½AB;CD� ¼ AC½B;D� þ A½B;C�Dþ C½A;D�Bþ ½A;C�DB ,

and ½Sa
k�

2 ¼ 1
4
, we find,

_f 1 ¼ � 2J2
XN

k¼1

1

4
Sx

k þ Sz
k�1Sx

kSz
kþ1

� �
,

f 2 ¼ � 2J2
XN

k¼1

1

4
Sx

k þ Sz
k�1Sx

kSz
kþ1

� �
þ

J2

2
ð1þ 4w�Þ

XN

k¼1

Sx
k

) f 2 ¼ 2J2
XN

k¼1

ðw�Sx
k � Sz

k�1Sx
kSz

kþ1Þ .

The scalar product (see Appendix B) then becomes

ðf 2; f 2Þ ¼ 4J4wðð1
4
Þ
2
� w�2Þ ,

and hence

D2 ¼
J2

2
ð1� 4w�Þ .

The next step would be to calculate f 3, which is shown below:

f 3 ¼ i½H ; f 2� þ D2f 1 ,

_f 2 ¼ i½H ; f 2� ¼ �i2J3
XN

i;k¼1

ð½Sz
i Sz

iþ1; w
�Sx

k � Sz
k�1Sx

kSz
kþ1�Þ .

We use these commutation rules that can be worked out for any number of o
to the right of the comma inside the bracket,

½AB;C� ¼ A½B;C� þ ½A;C�B

and

½AB;CDE� ¼ ACD½B;E� þ AC½B;D�E þ A½B;C�DE

þ CD½A;E�Bþ C½A;D�EBþ ½A;C�DEB



to find

ð40Þ

t f n with
s for the
e in the
then be

om here
nd (29),
ich is an
e of the

n as

(41)

(42)

udies of

ð43Þ

ð44Þ
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_f 2 ¼ 2J3
XN

k¼1

w� �
1

4

� �
ðSz

k�1S
y
k þ S

y
kSz

kþ1Þ

� �
,

D2f 1 ¼
J3

2
ð1� 4w�Þ

XN

k¼1

ðSz
k�1S

y
k þ S

y
kSz

kþ1Þ ,

) f 3 ¼
_f 2 þ D2f 1 ¼ 0 .

From a physical point of view, the vanishing of f 3 and hence of subsequen
n43 implies that it is no longer possible to construct orthogonal basis vector
given Hamiltonian. As one might expect, if the transverse field is kept aliv
Hamiltonian in Eq. (28), then f 3a0. An infinite number of f n’s would
generated. This problem can be solved at T ¼ 0 [18] and at T !1 [23].

Given f 3 ¼ 0, ðf 3; f 3Þ ¼ 0 and hence D3 ¼ 0. All the higher f n’s vanish fr
onwards in this problem. Thus, the Hamiltonian and f 0 given by Eqs. (28) a
respectively, dictate that d ¼ 3 in this problem (see d in Eq. (6)). Thus, d, wh
important quantity in the dynamical calculations, is dictated by the natur
Hamiltonian and the dynamical variable.

For finite d, the continued fraction in Eq. (19) is finite and can be writte

a0ðzÞ ¼
z2 þ D2

z3 þ Dz
; D � D1 þ D2 ¼ J2 ,

and hence

a0ðtÞ ¼
1

2pi

Z
C

dz expðztÞ
z2 þ D2

z3 þ Dz
.

The integration in Eq. (42) and those commonly encountered in analytic st
this nature can be evaluated by the method of residues as follows:

lim
z!0

z
expðztÞðz2 þ D2Þ

zðz2 þ DÞ
¼

D2

D
,

lim
z!i

ffiffiffi
D
p z� i

ffiffiffiffi
D
p� 	 expðztÞðz2 þ D2Þ

zðz� i
ffiffiffiffi
D
p
Þðzþ i

ffiffiffiffi
D
p
Þ
¼

expði
ffiffiffiffi
D
p

tÞðD2 � DÞ
�2D

,

lim
z!�i

ffiffiffi
D
p zþ i

ffiffiffiffi
D
p� 	 expðztÞðz2 þ D2Þ

zðz� i
ffiffiffiffi
D
p
Þðzþ i

ffiffiffiffi
D
p
Þ
¼

expð�i
ffiffiffiffi
D
p

tÞðD2 � DÞ
�2D

.

Thus, one finds

a0ðtÞ ¼
D2

D
þ

D2 � D
�2D

exp i
ffiffiffiffi
D
p

t
� 	

þ exp �i
ffiffiffiffi
D
p

t
� 	

¼
D2

D
þ

D1

D
cos

ffiffiffiffi
D
p

t
� 	

.



Using RR II (Eq. (12)), one can obtain a1ðtÞ and a2ðtÞ. The results are

(45)

(46)
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-particle
a simple
is some
ave any

ion. The
ate with
and the
ematical
iable for

(47)
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a1ðtÞ ¼
1ffiffiffiffi
D
p sin

ffiffiffiffi
D
p

t
� 	

and

a2ðtÞ ¼
1

D
1� cos

ffiffiffiffi
D
p

t
� 	� 	

.

Eqs. (29), (30), (36), (40) and (44)–(46) completely solve for
PN

k¼1S
x
kðtÞ. Obse

our results are unaffected by the upper limit of
PN

k¼1 that goes with Sx
kðtÞ.

The calculations presented above reveal that for do1, a0ðtÞ will always
up of a finite number of frequencies and hence will always be an oscillatory f
When d !1, the number of poles diverges and a0ðtÞ ! 0 as t!1. This
is discussed for the transverse dynamics problem in the infinite lattice-dim
limit in Ref. [25].

Physically, when one or more transverse spins are ‘‘activated’’ by a
dicular field in an Ising model, these spins are unable to transfer their en
other sites. Thus, because of the simple nature of the Ising model, the l
energy at the perturbed sites causes the system to respond at two distinct freq
One of these frequencies is that resulting from the two Ising spins that bo
perturbed region to the left and right being both ‘‘up’’ or both ‘‘down
frequency equals

ffiffiffiffi
D
p
¼ J and is basically the frequency unit in the probl

other frequency corresponds to one of the bordering spins being ‘‘up’’ and t
being ‘‘down.’’ This corresponds to the zero-frequency mode that manifests
a constant term in the expressions for a0ðtÞ and a2ðtÞ. If, instead of an Ising
one considers an XY model where the Hamiltonian H ¼ �J

PN
i¼1 ðS

x
i Sx

iþ1 þ

and sets f 0 ¼ Sz
k, the perturbation energy no longer remains localized and sp

over the chain. Thus for N !1, one will be able to generate an infinite se
for such a system [46].

Most non-trivial physical systems exhibit d !1. Further, even a one
system placed in a heat bath (i.e., studied in the canonical ensemble), such as
classical oscillator in a non-linear potential such as V ðxÞ ¼ ax4, where a

constant, generates d !1. It is important to keep in mind that N does not h
simple relationship with d (see Sen et al. in Ref. [5]).

We now return to our Ising model problem and make a simple observat
Boltzmann factor expð�bEÞ, which describes the contribution of some st
energy E when the system is at some temperature T , where b ¼ 1=kT

solution to the Liouville equation given by Eq. (5) have some math
similarities. If one makes the mapping t!�il, where l is the dummy var
temperature, the result is

Að�ilÞ ¼
XN

k¼1

Sx
kð�ilÞ ¼ a0ðlÞf 0 þ a1ðlÞf 1 þ a2ðlÞf 2 .



But, wperp: given by Eq. (9) can be written as

ð48Þ

(49)

(50)

(51)

(52)

btained.

(53)

ð54Þ

ð55Þ
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wperp: ¼ hf 0:f 0ib
�1

Z b

0

dla0ðlÞ þ hf 1:f 0ib
�1

Z b

0

dla1ðlÞ

þ hf 2:f 0ib
�1

Z b

0

dla2ðlÞ ,

and hence

wperp: ¼ hf 0:f 0iA0 þ hf 1:f 0iA1 þ hf 2:f 0iA2 ,

where we find

A0 ¼ b�1
Z b

0

dl
D2

D
þ

D1

D
cosh

ffiffiffiffi
D
p

l
� �

¼
D2

D
þ

D1

D
sinh

ffiffiffiffi
D
p

bffiffiffiffi
D
p

b
,

A1 ¼
�i

bD
½cosh

ffiffiffiffi
D
p

b� 1� ,

A2 ¼
1

D
1�

sinh
ffiffiffiffi
D
p

bffiffiffiffi
D
p

b

� �
.

The equilibrium ensemble averages hf 0:f 0i, hf 1:f 0i and hf 2:f 0i can now be o
The results are found to be

hf 0:f 0i ¼
XN

k;l¼1

hSx
kSx

l i ¼
N

4

and

hf 1:f 0i ¼ J
XN

k;l¼1

ðhSz
k�1S

y
kSx

l i þ hS
y
kSz

kþ1S
x
l iÞ

¼ ð�iÞ
J

23

XN

k;lþ1

ðhsz
k�1s

z
ki þ hs

z
ks

z
kþ1iÞ

¼ ð�iÞ
J

4
N tanh

b
ffiffiffiffi
D
p

4

� �

and

hf 2:f 0i ¼ 2J2
XN

k;l¼1

ðw�hSx
kSx

l i � hS
z
k�1S

x
kSz

kþ1Sx
l iÞ

¼ 2J2
XN

k¼1

w�
1

4

� �
hsx

ks
x
ki �

1

16

� �
hsz

k�1s
z
kþ1s

x
ks

x
ki

� �

¼ 2J2 Nw�

4
�

N

16
tanh2

b
ffiffiffiffi
D
p

4

� �
,



where we have used the well-known formula for near-neighbor correlations in an
z z r nd only

by 0 to
[48,49],

ð56Þ

for wperp:

(57)

observe

ð58Þ

eal that

ð59Þ

to Ising
braically
f nearest
ighbors,
ith four
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Ising chain, hskskþri ¼ tanh ðbJÞ [47]. Further, since the correlations depe
upon the distance between the neighbors, we have replaced the site index k

simplify notation. Combining Eqs. (48)–(55) and after some algebra we get

wperp: ¼
N

4

D2

D
þ

D1

D
sinh y

y

� �
hsx

0s
x
0i �

cosh y� 1

y
hsz

0s
z
1i

�

þ 1�
sinh y

y

� �
D1 � D2

2D
�

1

2
hsz

0s
z
2i

� ��
.

In deriving Eq. (56), we note that 2J2w� ¼ ðD1 � D2Þ=2. The final expression
works out to be

wperp: ¼
N

8
ðcosh KÞ�2 þ

tanh K

K

� �
; K ¼

y

4
¼

bJ

4
.

It is also possible to find w�. To do so, we consider two vectors X and Y and
that

ðX ; _Y Þ ¼ ib�1
Z b

0

dlhX ðlÞ½H ;Y �i

¼ ib�1
Z b

0

dlh expðlHÞXH expð�lHÞY

� expðlHÞHX expð�lHÞY i

¼ � ib�1
Z b

0

dlh expðlHÞ½H;X � expð�lHÞY i

¼ � ib�1
Z b

0

dlh½H ;X ðlÞ�Y i

¼ � ib�1
Z b

0

dl
q
ql
hX ðlÞY i

¼ � ib�1ðhX ðbÞY i � hX ð0ÞY iÞ

¼ ib�1ðh½X ;Y �iÞ .

Using X ¼ f 1, Y ¼ f 0 in Eq. (58), a few simple commutation relations rev

w� ¼
J2N

16D1
ð1þ 4w�Þ ðsinh KÞ�2 þ

tanh K

K

� �

¼
1

4

1� 2Kðsinh 2KÞ�1

1þ 2Kðsinh 2KÞ�1

� �
; K ¼ bJ .

The results obtained for the one-dimensional chain here can be extended
models in arbitrary lattice dimensions, although the analysis becomes alge
challenging. The dimensionality d turns out to be related to the number o
neighbors to a given site in the system. For lattices with three nearest ne
namely the honeycomb lattice, q ¼ 3 and d ¼ 4. For the square lattice w



nearest neighbors, i.e., q ¼ 4, one finds d ¼ 5 and for the triangular lattice with q ¼ 6
ensional
the basis
ce of a
up each
tionship
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one finds d ¼ 7. The relationship between q and d holds for three-dim
systems also. For simple cubic lattices, q ¼ 6 and d ¼ 7, etc. In general, on
of existing studies, one would infer that d ¼ qþ 1 [19,25,26]. The presen
parallel magnetic field to the Hamiltonian, i.e., a term h

PN
i¼1S

z
i , splits

frequency (except the zero-frequency mode, if any) into two. The rela
between d and q is thus changed to d ¼ 2qþ 1 in the presence of a parallel fi

It turns out that as the number of nearest neighbors q!1, the Hilbe
dimension d !1. The equilibrium properties of this limit were first stu
Kittel and Shore (for a detailed discussion see Ref. [25]). The dynamical pr
were studied by Lee and Dekeyser (see Lee and Dekeyser in Ref. [46]) and
[25]. The q!1 problem case exhibits a phase transition with associated dy
which although somewhat artificial is instructive to the learner.
4. Summary

quation
ate how
e dyna-
problem
btaining
een the
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systems.
model
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isenberg
dies of
btaining
ition are
In this article, the continued fraction formalism for solving the Liouville e
for conservative systems is described. The objective of this review is to illustr
to solve for the dynamical variable itself. In the event that solving for th
mical variable is too much of a challenge, one can focus on the simpler
of obtaining the dynamical correlation function. The procedure for o
the dynamical correlation function is outlined above. The connection betw
Liouville equation and the generalized Langévin equation is shown
derivation of the Langévin equation is sketched.

It is possible to completely solve the dynamical problem for very few
We show one such case, that of transverse dynamics of the Ising
in one dimension. The references to higher-dimensional studies of the Isin
and to lower-dimensional studies of other spin models (such as XY and He
models) are cited in the references. References are also made to stu
harmonic chains and non-linear systems. The challenges associated with o
continued fraction descriptions for systems in the vicinity of a phase trans
mentioned.
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Appendix A. Properties of scalar products

ð60Þ

utation

ð61Þ

lHÞ.
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(i) Proof of ðX ;Y Þ ¼ ðY ;X Þ

ðX ;Y Þ ¼
1

b

Z b

0

dlhexpðlHÞX expð�lHÞY yi � hX ihY yi

¼ ðY ;X Þ

provided we do the transformation l!�l0 þ b and use the cyclic comm
property of the Trace operator, i.e., TrABCD ¼ TrCDAB, etc.

(ii) Proof of ðLX ;Y Þ ¼ �ðX ;LY Þ

ðX ;LY Þ ¼
1

b

Z b

0

dlhexpðlHÞX expð�lHÞðHY y � Y yHÞi

� hX ihðHY y � Y yHÞi

¼ � ðLX ;Y Þ

where we have used the property of H to be transported through the expð�
Appendix B. Development of Eq. (32)

duct can
mmutes
ows that
n that
ðf 1; f 1Þ.

2).
We first observe that Sz
k from the left side of the comma in the scalar pro

be moved to the right side of the scalar product because such an operator co
with H. The solution for S

y
lþ1ðlÞ can be easily obtained from Eq. (47) and sh

hS
y
lþ1ðlÞS

x
l Sz

l�1i ¼ 0. Using similar arguments, it can be show
hS

y
l�1ðlÞS

z
l�2Sz

l�1S
y
l i ¼ 0, and all terms with k ¼ l � 1 do not contribute to

However, k ¼ l terms give finite contributions and are computed in Eq. (3
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