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Abstract 

 
We study the time evolution and the eventual outcome of processes that can be generically 
described as “battles.” Here by battle we mean processes such as the battle for survival between 
two competing species trying to dominate one another for a common resource such as food as 
well as the simplified abstraction of a real battle between two armies. We study two types of 
battles. These are (i) battles where each side attacks the opponent at random with no pre-defined 
strategy, in which case the battle can be analyzed within the context of Markovian processes, and 
(ii) battles that are similar in spirit to modern, strategic land battles fought in enemy territory 
between “Attackers” and “Insurgents” with the assumption that the Attackers attack strategically 
while the Insurgents attack randomly. These latter battles can be analyzed via event-driven many 
body simulations which are often employed in statistical mechanics based studies of complex 
systems. For (i) we develop a theoretical description based upon Markov processes and show 
how strength in numbers and ways to kill opponents can help establish territorial dominance. For 
(ii) we use simulations to construct phase diagrams to establish that risk exposure and local 
intelligence influence an intelligent army’s ability to win against a well matched insurgency in 
enemy territory. We close with observations on how this work can be extended to understand 
ways in which an intelligent army can minimize losses and maximize the chances of dominating 
the adversary in particularly contentious battles. 
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1. Introduction 

Many systems in the biological and social sciences are characterized by mobile interacting 

entities that exist in some confined territory and evolve in time based upon mutual, typically 

short ranged interactions, and a constantly changing environment [1, 2].  Modern statistical 

physics based approaches with attention towards understanding of macroscopic behavior of such 

systems have typically been invoked to analyze many such systems [3].  The discrete time 

evolution process in these systems is usually event-driven and dictated by strategy and response 

protocols to the changes in the environment.  Further, these systems are often “open” – by this 

we mean that new entities can enter and/or leave the system.  There is no theoretical way to 

describe these so called complex adaptive systems.  A rapidly growing body of literature on work 

along these lines, such as those of consensus formation [4], studies of extinction-rate and species 

abundance in nature, on the evolution of viruses in an adaptive immune system [5] and more can 

now be found [6].  

 While the event driven evolution of these types of systems are adaptive in that the 

dynamics is affected by the unpredictability of the environment, it is instructive to first examine 

the simplest systems of interest. We start with two-party systems. Each party’s troops are 

regarded as completely non-interacting except that they can attack to kill or partially negate each 

other when they share the same location with an adversary. Fixed numbers of entities are 

introduced into the system at randomly located sites. Thus, we only let a series of random events 

dictate the Markovian battle between two adversaries. We allow the sides to have the same or 

different killing power, which we refer to as the force level in this work. This is the study we 

address in Sec. 3.1 below.  
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Next, to develop an understanding of the simplest of strategic battles, we introduce some 

specifics to keep the treatment manageable. We restrict ourselves to strategic land battles fought 

in enemy territory. We assume that this territory is adequately described by a D2 square lattice. 

Though assuming such a simple lattice may seem restrictive at first, let us recall that most urban 

areas where contentious battles may be fought have some form of characteristic geometry. In this 

context, a 2D square net is not an unreasonable picture. We assume that the battle transpires 

between an intelligent attacker and an opposing insurgency that strikes unpredictably – hence 

randomly [2,7-9]. To focus on the interesting cases of battles between well matched adversaries, 

we allow each side to have identical force levels. In spite of considerable work on battle studies 

[10, 11], it appears that much remains to be learnt about the fundamental characteristics of such 

simple well-matched battles [12].  We model battles that are completely mission oriented as 

opposed to those desiring annexation of new territories. Thus, which party occupies more 

territory plays no role in determining which side wins the battle in our studies. Winning is based 

upon the ability of a side to decimate the opponent's ability to fight [13, 14]. The evolution of 

these battles is discussed in Sec. 3.2. 

 

2. Results and Discussion 

Markovian battles are devoid of strategy and memory. The outcome of a step depends only on 

what happened in the previous step.  We use one step as our time unit.  Hence not surprisingly, 

the size of each troop, both in the reserves where they are being drawn from and on the lattice 

where the battle is being waged, turns out to be a crucial determinant of the outcome of the 

battle. We assume that for both Markovian and strategic battle studies, the troop size in the 

reserves is the same for both parties. However, the percentage of lattice sites being occupied by 



 4

any given side was treated as a variable and was used to control what we called the “exposure” 

of each side to enemy attacks. We found that in Markovian battles, risk exposure played a weak 

role. The party with more troops in the lattice fared better and this was irrespective of the force 

levels used. In other words, presence of more troops did not lead to greater risk of exposure of 

the troops to enemy attacks. As we shall see, this is not the case in strategic battles, where risk 

exposure is a crucial factor in determining whether or not a side wins a battle. Given that both 

sides attack randomly and no one has any particular strategic advantage over the other, we label 

one side Red and the other Blue when describing the Markovian system studies. The force levels 

of Reds and Blues played a role in determining the time rate at which the opponent was 

eliminated in the course of the battle. Eqs. (3), (4), (7), (9), (14)-(16), and (18)-(22) describe the 

distribution of troops on the lattice, which turns out to be a normal distribution for systems with 

various force levels and troop distributions in the battlefield. The presented treatment develops 

formulae for the mean value and the variance of this normal distribution for arbitrary force levels 

irrespective of whether the force levels on either side are the equal or unequal.  

Dynamics of simple strategic land battles between two well matched parties, in this case 

between “intelligent” Attackers and Insurgents, provide an example of a complex adaptive 

system with history-dependent evolution. Here we have borrowed ideas from three standard 

approaches often used to study various dynamical many body systems. These are (i) a variant of 

a lattice-gas-like model [15], (ii) concept of height differences at a given site often used in 

surface roughness studies [16], and (iii) neighbor search algorithms commonly invoked in 

Molecular Dynamics simulations to calculate local forces on moving atoms and molecules [17].  

In our work, the value or weight of each lattice site at a time step reflects the net sum of forces 

deployed by the Attackers and the Insurgents at that time.  The Insurgents attack randomly 
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whereas the Attackers act by strengthening near Insurgent strongholds to locally decimate the 

strengths of the Insurgents.  Our studies for well matched battles show that when the force levels 

used in the combat are sufficiently low, the Attackers cannot win unless the numbers of 

Attackers and Insurgents in the battle field are at least comparable and there is adequate short-

range intelligence to strongly influence the Attacker’s moves.  When the battle involves higher 

force levels, the Attackers can potentially dominate the Insurgents with significantly smaller 

troop levels.  However, for such success, knowledge of the local troop distribution (or local 

intelligence that dictates the strategy of the Attackers) must be sufficiently short ranged. As we 

shall see, local deployments made on the basis of information across large enough distance 

scales may hinder the ability of the Attackers to neutralize the local attacks of the insurgency and 

may in turn negatively affect the Attacker’s ability to win a battle. In all of our studies we 

observed that too much exposure of any party to attacks adversely affected its ability to win a 

battle. 

In what follows, we present the details of our model, followed by the results. The 

Marovian battle is presented in Sec. 3.1. The strategic battle is presented in Sec. 3.2. 

 

3. Materials and Methods 

In Sec. 3 we shall consider the evolution of both Markovian battles in which each party is 

constrained to strike in random locations with pre-set probabilities and Strategic battles where 

elements of one side are able to make intelligent battle moves based upon the threats posed in 

their neighborhoods by the presence of an insurgent army that can attack randomly. Sec. 3.1 

describes our work on Markovian battles. Sec. 3.2 presents the details of the study on strategic 

battles. The sides are equally matched in terms of fire power and troop sizes in both cases. 
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However, each side will typically attack differing percentages of the field sites, thus exposing 

itself to differing risk levels.  In Markovian battles, the winner gains territorial dominance. In 

strategic battles the winner manages to decimate the opponent’s ability to continue the battle 

whether or not territorial dominance is established. Thus, the two battles proceed very differently 

and we treat them here as separate problems.  

3.1. Markovian Battle:  The Model  

In Sec. 3.1.1 we introduce the Markovian approach. Details of calculations for the case of lowest 

possible force levels (Case 1) used in the battles are presented via four different methods in Sec 

3.1.2. The more challenging cases of multiple force levels are presented under Case 2 and Case 3 

in Sections 3.1.3. and 3.1.4.  

3.1.1. Introductory Statements 

We establish the parameters for a simple random battle below and illustrate how the model lends 

itself to modification for more complicated systems.  The battlefield sites may be taken as a set 

of randomly located points.  No spatial structure or distance metric is needed.  For the simple 

model, we allow both sides the same fire power and troop reserves.  Individual combatants are 

assigned numeric strengths.  Deployment to the battlefield sites is made randomly, but according 

to constant, preset, percentages assigned to each side.  Casualties result when opposing forces 

occupy the same site.  The battle proceeds for some predetermined time or until some desired 

outcome is achieved. 

For simplicity, we consider a set of coplanar battlefield points, identified by their 

locations, ),( jiK , using a 5050× lattice for illustration only.  Since the statistics will be intrinsic, 

the results can be applied to any field size or configuration, with larger sets of points, of course, 

achieving better correlation with the expected probability distribution values.  Insurgents and 



 7

Attackers are designated as Red and Blue, respectively. Blue forces will be represented by 

negative numerical values and Red forces by positive values.  Our simplest battle will consist of 

totally random striking of the battlefield, K .  Blue attack forces having strength values of 

),...},3(),,2(),,1{( 321 −−− −−−= wwwB  (where mw  is a multiplicative weight factor to m having a 

value of 10 ≤≤ mw  as desired and applies to all the randomly distributed sites with a deployment 

value m ) land at each attack site, and Red Insurgent forces with strength values of 

),...},3(),,2(),,1{( 321 +++ +++= wwwR counter at the randomly chosen defense sites.  The battle 

will be symmetric if the same absolute maximum values of B and R are used, and asymmetric if 

not.  Calculations will be presented for }1{},1{ +=−= RB and }2,1{},2,1{ ++=−−= RB .  The 

general ideas can, however, be applied to any magnitudes or B and R .  Extension to an 

asymmetric type battle, where maxmax RB ≠  will be considered later in Sec. 3.1.3.  A one-to-one 

annihilation ratio will be used, so that equal Blue and Red forces occupying the same site will 

sum to zero.   

At each iteration or time step, forces will be deployed to some (constant) percentages of 

randomly chosen sites, with the percentages specified by Rε  and Bε .  Forces can accumulate at 

each site, thus the value of ),( jiK  after n steps will be an integer, )(n
ijv , such that 

}{ max
)(

max nRvnB n
ij ≤≤− .  The time ordered sequence of states },...,{ )()2()1( n

ijijij vvv  defining the value 

of each site ),( jiKn at a given time step forms a discrete parameter, Markov dependent sequence, 

or process, defined as a process where the conditional probability at step n  depends only on the 

values of )(n
ijv  and )1( −n

ijv , i.e.  

 ).|(),,|( )1()()1()1()( −− = n
ij

n
ij

n
ijij

n
ij vvpvvvp …                                                                                 (1) 
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The Markov chain process for n steps is irreducible (each state is accessible from every 

other state) and aperiodic.  We will make use of the Markov chain concept to find the associated 

probability distributions, arrive at some useful approximations, and illustrate the extension to 

more complex models. 

3.1.2. Details of the Calculations, Case 1:  Strength values 1,1 −=+= BR   

At 0=n , we let all sites have initial values 0),( )0(
0 == ijvjiK .  Let us now allow the Red force to 

attack with rate )10( ≤< RR εε , and the Blue force with rate )10( ≤< BB εε .  If, for 

example, 5.0=Rε , then approximately 1250 randomly located sites of a 2500 site lattice will 

receive deployments equal to 1+=R .  Conversely, a given site does not receive Red or Blue 

deployment with probabilities RR εε =− )1( , and BB εε =− )1( , respectively.  When 1=n , each 

site has value 1,0,1),( )1(
1 +−== orvjiK ij .  The notation )(v

nβ will be used to signify the 

probability of finding a value of v  after n steps.  The probability of each )1(
ijv for the first step of 

Case 1 is found from considering the four possible permutations of R and B : 

 )1()0()1( )1( −→×→=−= BpRpvp ij  

  BRBR εεεε =−= )1( ,      

  )1(
1
−= β , 

 )1()1()0()0()0( )1( −→×→+→×→== BpRpBpRpvp ij  

  BRBRBRBR εεεεεεεε +=+−−= )1)(1(  

  )0(
1β= , 

 )0()1()1( )1( →×→=+= BpRpvp ij  

  BRBR εεεε =−= )1(  
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  )1(
1
+= β . 

The completeness relation is given by ∑
+

−=

=
n

nv

v
n 1)(β , thus: 

)1(
1

)0(
1

)1(
1

1

1

)(
1

+−
+

−=

++=∑ ββββ
v

v                                                                                              

 1)1()1)(1()1( =−++−−+−= BRBRBRBR εεεεεεεε .                                                        (2) 

We can conveniently express the probability density for one step as a vector: 

][ )1(
1

)0(
1

)1(
11

+−= βββD .                 (3) 

The discrete probability distribution for an arbitrary number of steps, n , can be found in several 

ways.  We discuss them in the following sections. 

Method 1:  Probability based approach 

We can find the discrete probability distribution for n  steps using the recursive probability 

approach used to find the step one probabilities.  For 2=n , we utilize the values from 1=n , and 

the same set of possible permutations of R and B , as follows: 

 2)1(
1

)1()2( )1()0(]1[)2( −=−→×→×−==−= βBpRpvpvp ijij , 

 )0()0(]1[)1( )1()2( →×→×−==−= BpRpvpvp ijij  

   )1()0(]0[ )1( −→×→×=+ BpRpvp ij  

   )0(
1

)1(
12 ββ −= , 

 )0()1(]1[)0( )1()2( →×→×−=== BpRpvpvp ijij       

 )1()1(]0[)0()0(]0[ )1()1( −→×→×=+→×→×=+ BpRpvpBpRpvp ijij     

 )1()0(]1[ )1( −→×→×=+ BpRpvp ij  

  2)0(
1

)1(
1

)1(
12 βββ += +− , 
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 )0()0(]1[)1( )1()2( →×→×=== BpRpvpvp ijij  

   )0()1()0( )1( →×→×=+ BpRpvp ij  

  )0(
1

)1(
12 ββ += , 

 2)1(
1

)1()2( )0()1(]1[)2( +=→×→×=== βBpRpvpvp ijij . 

We again express the discrete distribution values as a vector: 

]222[ 2)1(
1

)1(
1

)0(
1

2)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

2)1(
12

+++−−− += βββββββββD .                     (4) 

This type of recursion approach is obviously cumbersome for large n . 

Method 2:  Markov chain approach 

To construct a Markov chain which will allow for calculation of the discrete probability 

distribution for arbitrary n , one must define probability matrices for each step in the process, 

from step 1 to step n  (see Clarke [18], pp. 217-237, for a detailed discussion of this approach).  

The one-step transition matrices ),1( nnP − define the one-step transition probabilities from state 

1−n to state n .  In general, the matrix  ),1( nnP −  is a )12()12( +×− nn  matrix where each entry 

represents the probability of going from the row state to the corresponding column state.  We can 

define the first-step probability vector for Case 1 as ][ )1(
1

)0(
1

)1(
11)1,0(

+−== βββDP , recalling from 

the completeness relation (2), that the entries sum to 1.  In this case, one iteration can only 

increase or decrease a given site value by one unit.  Thus for subsequent iterations each site value 

),( jiK  increases, decreases, or remains the same according to the same probability vector, )1,0(P , 

and the sequence is said to have stationary transition probabilities.  For the thn iteration the 

corresponding matrix will be:   
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=− ),1( nnP      

)1(
1

)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

0000
.......
0000
0000
0000

1

2
1

)2()1(

+−

+−

+−

+−

−

+−
+−

++−+−−

βββ

βββ
βββ

βββ

n

n
n

nnnn

%
%

………

.                                   (5) 

From the completeness relation (1), the entries of each row sum to 1, hence each transition 

matrix is also stochastic [18].  For a system with three possible transitions, the matrices are 

tridiagonal, and straightforward to construct.  The probability density function of site values for 

the thn  iteration can be found from matrix multiplication, or the inner product, of the single-step 

matrices: 

         ),1()3,2()2,1()1,0( nnn PPPPD −⋅⋅⋅= … ,                                                                                          (6) 

yielding the desired )12(1 +× n  vector containing the probabilities:                                                   

][ )()1()1()( n
n

n
n

n
n

n
nnD ββββ −+−−= …… .                  (7) 

For example, the Case one 2-step distribution matrix is (again): 

)1(
1

)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

)1(
1

)0(
1

)1(
1)2,1()1,0(2

00
00
00

][
+−

+−

+−

+− ⋅=⋅=
βββ

βββ
βββ

βββPPD  

      ]222[ 2)1(
1

)1(
1

)0(
1

2)0(
1

)1(
1

)1(
1

)0(
1

)1(
1

2)1(
1

+++−−− += βββββββββ .                    (4) 

The Markov chain method has the advantage of being simple to construct and calculate 

computationally, and allows for easy modification of the transition probabilities.    

Method 3:  Graphical approach 

A graphical approach can be used to check or visually illustrate the matrix and algebraic methods 

[19].  The order or number of possible values, of a graph for n steps is )12( +n .  The set of 

directed edges, A , is a set or ordered pairs representing the start and endpoints of each arrow.  
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The graph size (number of edges in A ), can be determined by subtracting from the total number 

of possible connections, i.e. 2)12( +n , those connections coming from n−  or n+ (equal to 

)12(2 +n ), and those connections jumping by more than one integer in value (equal to 

)12())1(2( −×− nn ).  Following these machinations one finds the size to be )36( −n .    

 The weighted, directed graphs shown in Figs. 1 and 2 illustrate the possibilities for one 

step and two steps of Case 1, respectively.  To determine, for example, the probability of 

reaching 1)2( −=ijv , there are two valid paths ]110[ −→−→  and ]100[ −→→  each having 

respective probabilities )0(
1

)1(
1 ββ − , summing to )0(

1
)1(

12 ββ − as found in the vector in Eq. (4). Due to 

the symmetry of the transition probabilities, it is useful to recognize that the thn distribution can 

also be found algebraically using the completeness relation in Eq. (2). Taking 

n)( )1(
1

)0(
1

)1(
1

+− ++ βββ and collecting the terms appropriately, one obtains a summation of the 

distribution values.  In this instance, 

 
222 )1(

1
)1(

1
)0(

1
)0(

1
)1(

1
)1(

1
)0(

1
)1(

1
)1(

1
2)1(

1
)0(

1
)1(

1 222)( +++−−−+− +++++=++ ββββββββββββ .      (8) 

Method 4:  Gaussian distribution approximation 

The probability distribution or distribution of magnitudes on the field sites, for Case 1 can be 

well-approximated for the thn iteration by a normal distribution of the form: 

)2)((
2

1 2

)( nn

n

x
n exf σμ

πσ
−−= ,                                                                                                         (9) 

using an average or mean value )( BRn n εεμ −= and variance 

)]([)]1()1([ RRBBRRBBn nnn εεεεεεεεσ +=−+−= as derived below, and illustrated in Fig. 3.    

The average )( BRn n εεμ −=  can be found by induction.  Let us define the matrix of possible 

numerical site values as  ]11011[, nnnnM nn −−+−−=− …… . 
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Since the average value is ∑ ⋅
i

ii xpx )( , we can find the average site value from nnn MD ,−⋅ .  For 

1=n , 

 )1(
1

)1(
1

)1(
1

)0(
1

)1(
11,1)1,0(1

1
0
1

][ +−+−
− +−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+

−
⋅=⋅= βββββμ MP  

  )(1)1()1( BRRBBR εεεεεε −=−+−−= .                                                              (10) 

Assume that for mn = : 

 )(,),1()2,1()1,0( BRmmmmm mMPPP εεμ −=⋅⋅⋅⋅= −−… . 

For 1+= mn : 

)1(),1()1,(),1()2,1()1,0(1 ++−+−+ ⋅⋅⋅⋅⋅= mmmmmmm MPPPP …μ . 

Considering the product )1(),1()1,( ++−+ ⋅ mmmm MP , the first line will be  

)()(
1

)1(
][][ )1(

1
)1(

1
)1(

1
)0(

1
)1(

1
)1(

1
)0(

1
)1(

11)1(),1()1,(
+−+−+−

++−+ +−+++−=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−
−
+−

⋅=⋅ ββββββββ m
m

m
m

MP mmmm  

  1μ+−= m , 

where we have made use of the completion relation in Eq. (2).  The full product, 

correspondingly, is equal to 1,121, ]1[ −− + mmmM μ where, for example, 1,3]1[ is equal to  
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1
1
1

, hence 

)]1[( 1,121,),1()2,1()1,0(1 −−−+ +⋅⋅⋅⋅= mmmmmm MPPP μμ … . From 

 1,11
)1(

1
)0(

1
)1(

11
)1(

1
)0(

1
)1(

111,31)1,0( ]1[)(
1
1
1

][]1[ μβββμβββμμ =++=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⋅=⋅ +−+−P . Or, 
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1,32111,121),1( ]1[)1(]1[ −−− ==⋅ ∑ m
j

jmmm PP μμμ . 

With the previous assumption on mμ , we can extrapolate to find that 

)()(11 BRBRmm m εεεεμμμ −+−=+=+  

 ))(1( BRm εε −+= .                                                                                                           (11) 

The variance )( RRBBn n εεεεσ += can be found in a similar manner. 

Defining the variance as 2))(( μ−∑ i
i

i xxp , we can find the  nσ  from ])[( 2
, nnnn MD μ−⋅ − .  

For 1=n , 

 2
11

)1(
1

)1(
1

)1(
1

)1(
1

2
1

2
1

2
1

)1(
1

)0(
1

)1(
11 )22()(

)1(
)0(
)1(

][ μμββββ
μ
μ
μ

βββσ +−++=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−+
−
−−

⋅= +−+−+−  

     )(2)( )1(_
1

)1(
1

2
1

2
1

2
1

)1(
1

)1(
1

+−+− ++−=+−+= ββμμμββ  

  RBBRBR εεεεεε )1()1()( 2 −+−+−−=  

  BBRR εεεε )1()1( −+−= .                                                                                     (12) 

Assume that for mn = : 

 BBRRmmmmmm mmMPPP εεεεμσ )1()1(])[( 2
,),1()2,1()1,0( −+−=−⋅⋅⋅⋅= −−… . 

For 1+= mn : 

])[( 2
1)1,1()1,()2,1()1,0(1 +++−++ −⋅⋅⋅⋅= mmmmmm MPPP μσ … . 

Considering the product ])[( 2
1)1(),1()1,( +++−+ −⋅ mmmmm MP μ , the first line will be  



 15

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−+−
+−−
+−+−

⋅=−⋅ +−
+++−+

2
1

2
1

2
1

)1(
1

)0(
1

)1(
11

2
1)1(),1()1,(

))1(1(
))1((

))1()1((
][])[([

μ
μ
μ

βββμ
mm

mm
mm

MP mmmmm   

 2
1

22
1

1
1

1
111

2 )1()1(2)1(22 μμββμμ +++−++++−= +− mmmmmm  

 1
2)( σμ +−−= mm , 

where we have again made use of the completeness relations.  The full product is equal to 

1,1
2

, ]1[)( mmmmM σμ +−− , and hence 

)]]1[)[( 1,1
2

,),1()2,1()1,0(1 mmmmmmm MPPP σμσ +−⋅⋅⋅⋅= −−+ … . 

From  

1,2111,1),1( ]1[)1(]1[ −− ==⋅ ∑ m
j

jmmm PP σσσ , 

and our previous assumption on mσ , we can extrapolate to find: 

 )1()1()1()1(11 BBRRmm mm εεεεσσσ −++−+=+=+  

 ))(1( BBRRm εεεε ++= .                                                                                                   (13) 

A quantity of interest is the percentage of battlefield sites held by the attacking Blue (hence 

negative) forces after some time (number of iterations).  The total negative site probability can be 

found from the discrete probability distribution function, ∑
−

−=

=
1

,)(
ni

inDnF ,  where the sum of 

probabilities is over all possible magnitudes of a site held by Blue forces after n iterations.  

Using the normal approximation,  
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A simpler approximation to )(nF  can be had by using the Error function: 



 16

⎪⎩

⎪
⎨
⎧

>−
=

+

−

1)1(
1

~)(
1

1

2
)5.0(

2
1

)1(
1

nerf
n

nF
n
n
σ
μ

β
.                                                                                              (15) 

Taking the derivative of F with respect to n , we can find the local maximum: 
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where )(zHn is the Hermite polynomial.  F  thus has a maximum at 5.01 =μn only if 

)(01 BR εεμ >> , as seen in Fig. 4.  

 Figs. 5 and 6 show the corresponding results of the Case 1 random model simulation 

found using an actual random generator.  Fig. 5(a) and 6(a) illustrate the actual random 

distributions, and 5(b) and 6(b) show the theoretical and actual values of )(nF . 

3.1.3. Case 2: 2,1;2,1 −−=++= BR   

As with Case 1, at 0=n  all sites have initial values 0),( )0(
0 == ijvjiK .  Again, the Red force 

attacks with rate Rε , and the Blue force with rate Bε .  With this model version, however, the 

deployed forces will be weighted roughly equally between 21 ++ and , or 21 −− and , 

respectively.  (Thus the probability of 2+  by Red will be approximately Rε2
1 .)  The probabilities 

that a given site does NOT receive Red or Blue deployment remain RR εε =− )1( , 

and BB εε =− )1( .  When 1=n , each site has value 2,1,0,1,2),( )1(
1 ++−−== orvjiK ij .  The 

probability of each )1(
ijv for the first step of Case 2 is found from considering the nine possible 

permutations of R and B : 
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The completeness relation is given by ∑
+

−=

=
n

nv

v
n

2

2

)( 1β .                                                                     (17) 

We can conveniently express the probability density for one step as a vector: 
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The discrete probability distribution for an arbitrary number of steps can be found by the same 

methods used for Case 1.  We discuss the necessary modifications and the results in the 

following sections.  

The Distributions 

The discrete distribution values for 2=n  are found from inspection to be:    
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To find the values for nD  with the Markov chain method, the one-step transition 

matrices ),1( nnP − defining the transition probabilities from state 1−n to state n will now need to be 

)14()34( +×− nn .  For the thn iteration the corresponding matrix will be:   
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The probability density function of site values for the thn  iteration can be found as before 

from matrix multiplication, or the inner product, of the single-step matrices: 

),1()3,2()2,1()1,0( nnn PPPPD −⋅⋅⋅= … ,                                                                                                   (6)  

yielding the desired )14(1 +× n  vector containing the probabilities:  

][ )2()12()12()2( n
n

n
n

n
n

n
nnD ββββ −+−−= …… .   
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 It is again possible to find the thn distribution algebraically using the completeness 

relation in equation (1). Taking n)( )2(
1

)1(
1

)0(
1

)1(
1

)2(
1

++−− ++++ βββββ and collecting the terms 

appropriately, one obtains a summation of the distribution values.  

The normal distribution approximation of nD , )2)((
2

1 2

)( nn

n

x
n exf σμ

πσ
−−= , will now have 

an average or mean value )(2
3

BRn n εεμ −= and variance )]1()1([ 10
9

2
5

10
9

2
5

RRBBn nn εεεεσ −+−= .  

Fig. 7 illustrates this result.  The total negative site probability can be found from the probability 

distribution function, ∑
−

−=

=
1

2
,)(

ni
inDnF ,  where the sum is over all possible magnitudes of a site 

held by Blue forces after n iterations.  Using the normal approximation,  
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As with Case 1, simpler approximations to )(nFn  can be obtained using the Error function: 
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The results of equations (21) and (22) are shown in Fig. 7(b). 

Fig. 8 illustrates the corresponding results of the Case 2 random model simulation found 

using an actual random generator.  Fig. 8(a) illustrates the actual random distribution for 

20=n iterations, and 8(b) shows the theoretical and actual values of )(nF . 

3.1.4. Case 3:  General random approach 

Extension of the random battle model to larger strength numbers and/or different strength value 

partitions can be made along the following lines.  We begin by allowing Blue attack forces 

having strength values of )},),...(,3(),,2(),,1{( 321 awawwwB −−−− −−−−=  (where mw  is a weight 
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factor for m having a value 10 ≤≤ mw ) deploy at the attack sites, and Red forces with values 

)},),...(,3(),,2(),,1{( 321 bwbwwwR ++++ +++=  counter at the randomly chosen defense sites.  The 

initial probability vector ][ )(
1

)1(
1

)0(
1

)1(
1

)(
11

baP ++−−= βββββ ""  can be defined in the usual manner.  

For example, 

         )(
1

)1( ))(1()()0()( a
BaRij waBpRpavp −

− =−=−→×→=−= βεε .                                    (23) 

The completeness relation becomes ∑
+

−=

=
bn

anv

v
n 1)(β .  Transition matrices ),1( nnP − will have 

1)1)(( +−+ nba  rows and 1)( ++ nba  columns.  For the Gaussian approximation, the average 

and variance can be found from: 

baMP ,)1,0(1 −⋅=μ , 1μμ nn = ,                         (24) 

=1σ  ])[( 2
1,)1,0( μ−⋅ − baMP , 1σσ nn = .                       (25) 

3.2. Strategic Battles: The Model 

In this section we consider strategic battles between well matched parties.  We focus our 

attention on battles where the two sides possess the same fire power and troop reserves. Given 

the characteristic distinctions between the two sides, as mentioned in Sec. 2, we prefer to call the 

sides Attackers and Insurgents instead of say Red and Blue. As before, individual Attackers and 

Insurgents are assigned numeric strengths.  The rule based deployment strategies result in 

occupation numbers being assigned to each of the lattice sites at any given time step.  Casualties 

result when opposing forces occupy the same site.  Combatants do not actually move on the 

battlefield, but rather occupy their given sites, engage with the adversaries by drawing from the 

reserve troops, and provide field information, which may be used for determining further 

deployments.  
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Battles continue until one side has exhausted the reserve forces.  If both sides have 

essentially deployed all forces to the conflict, i.e., have no more troop reserves left, at the same 

time, the battle is a draw. The conflict also ceases if the aggressor is completely eradicated from 

the field. The method of the study [1, 20] is described below. 

3.2.1. Model Details 

We use an LL× , 50=L lattice, here as before. We have studied larger systems and 

found that enlarging the system does not affect our results.  Each side is typically allotted an 

initial reserve of 000,500  resource points or “troops.” Changing the troop size may end up 

influencing the time span across which the battle wages.  It is hence typical to keep the troop 

reserves sufficiently large. In our studies, we have used smaller as well as much larger troop 

reserves. The sizes of the troop reserves are set to be sufficiently large such that the outcome is 

not dependent on the details of the number.  

The Insurgents begin by occupying the lattice at random sites with resources typically 

having a mix of strength values such as max...3,2,1 dd +++= , at  occupation density, D (the 

percentage of sites in the 5050×  matrix), so that each 3,2,1,0),( +++→jiK , etc.  One can 

imagine d being the equivalent of force levels used in these strategic battles.  A precise 

connection between what level of force 1+=d or 2+=d and so on might mean in the context of 

firepower in a real battle is only qualitative.  

The battle begins with the Attackers deploying at random locations on the battlefield with 

an attack density, A , and strength values  of max...3,2,1 aa −−−−= , where maxa is the maximum 

value allowed for a .  The simpler case using values of 1+=d and 1−=a for all deployments 

will be addressed first. This case can be thought of as one where the parties have limitations in 

the kinds of weapons available.  The case with 2,1 ++=d , and 2,1 −−=a , yields a richer battle 
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and is hence addressed in more detail.  This latter study can be thought of as a battle between 

parties with more advanced weapons. The site values are summed with each iteration, resulting 

in a one-to-one casualty ratio.  Sites with values of zero are neutral.  During every deployment, 

the strength deployed is subtracted from the respective resource base.  We have conducted 

preliminary analyses of battles where a and d values can vary in magnitude between 1and3 . 

While the details are affected when compared to the battles with a and d values ranging between 

1 and 2 , the broad conclusions are not.  These models and models with unequal magnitudes of a  

and d , will be addressed elsewhere.   

Following the initial attack, some fraction of the sites will have negative values (i.e., are 

Attacker held). On subsequent iterations, the Attackers and the Insurgents deploy additional 

resources from their reserves via the algorithm described below.  The occupation density is the 

value used to determine how many sites will get resources applied to them in a given iteration.  If 

the Insurgent occupation density %50=D , then 1250≈ sites (on a 2500 site lattice) will get 

values of 2,1 ++ , etc. applied to them. This step is independent of how many sites the Insurgents 

already hold.  While D remains constant, the total number of sites with positive values in the 

matrix will vary depending on all the other parameters. Observe also that A  is only used in the 

initial attack, after which deployments are always made from the sites already captured by the 

Attackers. Thus A  necessarily means )0( =tA .  

The Attacker tries to maximize the effect of its attack by always deploying resources in 

the direction with the greatest density of Insurgents pursuant to the available information.  A 

neighbor list is defined by an  mn×  matrix about each attack site, ),( jiK A , where i  and j are 

indices for row and column, respectively.  The size of the neighbor list is dictated by a range 

variable r , which refers to the percent of the field size along i  or j  for which information is 
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available at site ),( jiK A [21].  For an LL×  matrix, we have %100][ 2
11 ×≤≤ rL where the 

r values chosen in our outcome diagrams (in analogy with phase diagrams) were in increments 

of %4 .  The Attacker receives information from a neighbor list with maximum size 

)12()12( +×+ rr [18].  The occupation or resource values of all sites in each quadrant of the 

neighbor list at ),( jiK A are summed.   

If the computed sum is largest in, say, the first quadrant, then site 

 ,)1,1()1,1( maxajiKjiK −+−→+−                                                                             (26) 

if this site is still within the battlefield, and so on.  Eq. (26) hence describes deployment along 

the four diagonals.  If adjacent quadrants, for example quadrants I and IV, have equal values, 

then we let 

 .)1,()1,( maxajiKjiK −+→+                                                                                        (27) 

Eq. (27) hence provides for deployments to up, down, left, and right.  If opposing quadrants (i.e., 

I and III or II and IV) or if three or all four quadrants of the neighbor list have the same value, 

then there is no new deployment from that site during that particular iteration.  However, this 

case is rarely realized. The rationale for using maximum strength values for the Attackers is 

based on their strategic need to maximize effectiveness. The battlefield is not updated until all 

such decisions have been made. It may be noted that in our model, the deployments at any given 

time step are made by the Attacker to some neighbor site only according to the specifications 

given in Eqs. (26) and (27) above.  When r is large, this deployment is based on the averaged 

information over each quadrant.  

The Insurgents then again randomly deploy reinforcements to the battlefield, with values 

max...3,2,1 dd +++= at the occupation density D , such that for any reinforced site  

 .),(),( djiKjiK +→                                                                                                       (28) 
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3.2.2. Results - Battles with 1,1 −=+= ad   

 Here we present results based on our model studies. We start by considering the simplest 

strategic battles in which 1+=d  and 1−=a .  The limited availability of fire power for each side 

means that more troops must be present on the lattice sites to bring about a win.  Calculations 

carried out with A  values ranging from %5  to %100  of the field in increments of %5  and with 

r  varying from %2  to %48  in %4  increments for a total of 240 battle cases are summarized 

for two different values of D  in Fig. 9.   The color coding in Fig. 9 is determined as follows: the 

percentage of the ratio of the difference between the total number of Insurgent reserves and the 

total number of Attacker reserves at the end of the battle to the original number of Insurgents or 

Attackers determines the numbers on the vertical color bar. Thus, 80−  implies %80 of the 

Attacker reserves remained intact in a battle in which the Insurgents were left with no reserves.  

The results suggest that when the attack density A  is sufficiently low, it is unlikely that the 

Attackers will win when the attacks are targeted and highly local (i.e., when r  is sufficiently 

small).  Presence of more Insurgents on the battle field (i.e., larger D ) only makes it harder for 

the Attackers to win unless their numbers are sufficiently large, as can be seen from Fig. 9(b).  

For the case where 1+=d  and 1−=a  only, the probability that the Attackers may be 

completely eradicated from the lattice is greatly increased, especially at low values of A  and r .  

This occurs due to less efficient deployments, which may fail to wear down the resistance or to 

establish and reinforce an adequate foothold on a territory.   

For comparable values of A  and D  (in the range of %40 to %60 ), an Attacker victory 

becomes more likely.  The Attacker is able to establish control over some territory and 

subsequently deploys resources more slowly than do the Insurgents.  The net effect is to wear 

down the defense reserves.  For DA > , the Attacker will establish control over large territory, 
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but will subsequently deploy resources too rapidly, resulting in a likely draw or defense win. Fig. 

9 shows outcome diagrams for this case for parameter values similar to those used later in Fig. 

11. 

3.2.3. Results - Battles with 2,1,2,1 −−=++= ad    

More interesting and perhaps more realistic battles result when we set ,2,1 ++=d  and 

2,1 −−=a .  The increased force levels allow for more aggressive attacks with smaller troop 

levels. The outcome diagrams are hence different for this case compared to the 1,1 −=+= ad  

cases.  As we shall see, our studies suggest that small enough r  and low values of A  are the 

most important for the Attacker to win these battles.  Hence, this case is distinct from the 

1,1 −=+= ad  battles where values of A  and D  must be comparable.  Hence the A  values 

needed for the Attackers to win had to be much larger than what is typical in the present case. 

In a battle with “medium range” intelligence (i.e., %24≈r ), the Attacker deploys 

resources to one of its eight neighbor sites in each of the quadrants according to the recipe in 

Eqs. (1) and (2).  So the determination of which neighbor site will get the deployment is based 

upon a neighbor list of sites from within a square of dimensions )12()12( +×+ rr with the site 

from where the deployment is to be made being at the center of the square. The intelligence 

information allows for the coordination of the attack from differing directions.   An information-

driven pattern of attack site clusters emerges with cluster dimensions r~ , indicating that most 

newly deployed forces remain within a localized area securing a region of sites within that area.  

Sites held by the Attackers which share the same information act so as to reinforce each other.   

Fig. 10 illustrates the results of a battle with %,26%,10%,40 === rAD  which resulted in a 

draw.   
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At large range (i.e., as r  approaches %48  in these studies) the local deployments are 

influenced by information from distant sites, resulting in a mix of clusters and “strings” on the 

battlefield that show regions that are occupied by the Attacker.  Overlapping and competing 

information results in more random and less efficient deployments.  Since the neighbor list 

includes more sites toward the center of the field, the Attackers will tend to move away from the 

edges of the field, which in turn will be dominated by the Insurgents.  The Attackers will spread 

resources far from the original attack sites, which may (being less strongly guarded) 

subsequently be recaptured by the Insurgents.  Despite having an apparent lack of strategy, the 

Insurgents may gain the advantage and actually win the battle, even at very low attack densities.  

Our calculations reveal that the sophisticated technology implied by larger communication 

distances has limited value if too-distant data is used in the decision making that enters into the 

local moves.   

The outcomes in terms of Insurgent win,  Attacker win, or draw given the same initial 

parameters change with increasing range, r , and with increasing attack density, A .  Fig. 11 

shows outcome diagrams for the model, with several different values of D .  Each diagram 

represents the results of testing the model once for each input data set, with A varying from %5  

to %100 of the field in increments of %5 , and r  varying from %2 to %48  in %4  increments, 

for a total of 240  battles.  In these figures, the three lightest shades represent values for which 

the outcome varies with the random generator between wins for the Insurgents, the Attackers, 

and draw.  Darker regions represent values for which the win goes consistently to the Attackers.   

4. Summary and Conclusions   

 In this work we investigate several processes which could be described as battle-like.  

Motivated by recent attempts to describe such complex adaptive systems, we wanted to establish 
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a statistical framework for the simple case of a completely random battle, and to propose an 

adaptive version.  We have focused on battles between well-matched adversaries, hence all the 

cases considered are highly contentious. Here a strategy has been presented which introduces a 

variable parameter – namely the information available from a neighborhood of sites/locations -

which in turn is utilized to make interactive decisions. We have shown that such decisions may 

significantly affect the process outcome. 

 The completely random striking of a battlefield or lattice by two non-interacting 

opponents can be completely described in terms of a Markov type process, defined as a process 

which is not history dependent.  Expected values at each field or lattice location are based solely 

on the previous value and the probabilities of each opponent striking or not striking at that 

location.  Theoretical apparatus is developed to express distributions of probable site magnitudes 

for the simple case of 1−+ deployments, and for the more complex case of 2,1 −
+

−
+ deployments.  

Several approaches are described – graphical, algebraic, Markov process, and a Gaussian 

approximation, which can be utilized to predict resulting matrix or lattice values.  Extension to 

more general and asymmetric deployment values is straightforward.   

 The discrete distribution of site values is found to be approximately Gaussian.  Long term 

progress of the battle is determined by the differential between the deployment percentages, 

Rε and Bε , of the two opponents with eventual elimination of the weaker opponent from all 

sites.  The opponent deploying more resources will gain territorial control unless they exhaust 

their resources first.  As seen in Figs. 5-8, values produced by a random generator compare well 

with theoretical approximations. 

 The strategic land battle model allows an intelligent attacker to obtain knowledge of the 

presence of forces on neighboring sites, and to deploy resources according to a predetermined 
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plan.  As the insurgent continues to deploy randomly (unpredictably), the attacker must interact 

with and adapt to the ever-changing environment.   

 As seen in Figs. 9 and 11, the availability and accuracy of this neighborhood information 

can decisively affect the ability of the attacker to deploy efficiently and not over-expose 

themselves on the field.  If the attack density is low and the information is localized (highly 

accurate) the attacker tends to remain localized, conserving resources and building strongly 

fortified areas.  Note particularly the case shown in Fig. 11, with %50=D .  In a completely 

random battle, if %50>A , the attacker would be expected to deploy more resources and thus 

exhaust their reserves first.  However with a strategic approach and very short range intelligence 

%)2(~  the Attacker deploys fewer resources reinforcing very small areas and thus a draw or 

even an attack win may result.  This effect becomes even more pronounced at %60=D .  

Contrast this with Fig. 9, where for %60=D and deployments of 1/−+ only, a low range may 

result in complete eradication of the attacker from the matrix - being too conservative in gaining 

new territory subjects the attacker to higher probability of simply being overrun before gaining 

an adequate foothold.  As the available information or intelligence becomes more diffuse, the 

attacker will spread to more sites (reflecting the uncertainty in locating strongly enemy 

dominated regions) and will thus deploy more and more reserves.  The increase in exposure is 

thus balanced against how strongly or weakly the territory is held.  A large attacker presence at a 

particular location withstands the insurgent assaults – a small one does not. 

 The interplay of random and directed actions in the strategic model leads to a variety of 

behaviors under different parameter values, thus we believe the model holds potential to find 

application with a variety of processes from the study of modern land battles to the spread or 
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containment of disease in the body, etc.  Further studies are under way to address more complex 

algorithms for battle actions, including asymmetric battles and network approaches. 
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Figure captions: 

Fig. 1:  Weighted, directed graph for Markovian battle, Case 1:  First step.  Any path must 
contain only one arrow.  Set of directed edges, )}1,0(),0,0(),1,0{( +−=A  
 
Fig. 2:  Weighted, directed graph for Markovian battle, Case 1:  Step two ( 2=n ).  Available 
paths must contain 2 steps.  Arrows beginning and ending on the same value can be traversed as 
many times as needed.  )}2,1(),1,1(),0,1(),1,0(),0,0(),1,0(),0,1(),1,1(),2,1{( −−−−−−=A  
 
Fig. 3:  Probability distribution for Markovian battle, Case 1 with .20,5.0,6.0 === nBR εε  
Gaussian approximation shown as solid line using, 2)( =−= BRn n εεμ , 

8.9)]([ =+= RRBBn εεεεσ . 
 
Fig. 4:  Probability of Blue occupation (negative sites) for Markov dependent Case 1 process 
with .20,5.0,6.0 === nBR εε   Fig. 4 (a):  Probability of Blue occupation vs. iteration.   
4 (b):  Probability vs. average site value.  * = actual, solid line = approximation using Eq. (15). 
 
Fig. 5 (a):  Case 1 Distribution of site values from random number generator. 

.60,5.0,6.0 === nBR εε   5 (b):  Probability of negative occupation vs. iteration – theoretical 
(dashed) and actual. 
[ 6=nμ , 4.29=σ ]. 
 
Fig. 6 (a):  Case 1 Distribution of site values from random generator. .20,4.0,2.0 === nBR εε    
6 (b):  Probability of negative occupation vs. iteration – theoretical (dashed) and actual 
[ 4−=nμ , 0.8=σ ]. 
 
Fig. 7 (a):  Case 2 probability distribution with .20,5.0,6.0 === nBR εε 3)(2

3 =−= BRn n εεμ , 
)]1()1([ 10

9
2
5

10
9

2
5

RRBBn nn εεεεσ −+−= =27.55. 7 (b):  Probability of Blue occupation.  
Markov values – starred; and Gaussian approximations - solid. 
 
Fig. 8 (a):  Case 2 Distribution of site values from random number generator. 

.60,5.0,6.0 === nBR εε   8 (b):  Probability of negative occupation vs. iteration – theoretical 
(dashed) and actual. 
 
Fig. 9:  Outcome diagrams for battles using strengths of 1+=d and 1−=a .  A vs r values are 
shown for fixed D .  Dark grey areas (lower left) in right panel indicate complete eradication of 
Attackers from the lattice.  Lightest areas in left panel are Insurgent victories. 
 
Fig. 10:  Cluster formation in a medium range battle.  The strengths of resources at each site 
using a grey scale.  
 
Fig. 11:  Outcome diagram plots for battles with a wide range of A and r values are shown for 
fixed D values with 2,1 ++=d and 2,1 −−=a .  The scale depicts the resource left at the end of 
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the battle.  The three light shades are areas where the outcome varies depending upon the random 
number generator, i.e., the outcome could go either way.  The darker shades describe attack 
wins.  The results suggest that low values of A and r  with sufficiently large values of D favors 
attacker wins. 
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