
PHY509: FINAL SOLUTION

P1. (a) The kinetic energy K = 1
2m`2(θ̇2

1 + θ̇2
2) and the potential energy due to gravity is

Vg = −mg`(cos θ1 + cos θ2) ≈ −2mg` + 1
2mg`(θ2

1 + θ2
2). With the interaction, the Lagrangian

becomes

L =
1
2
m`2(θ̇2

1 + θ̇2
2)−

1
2
mg`(θ2

1 + θ2
2) + λmg`θ1θ2.

(b) The Euler-Lagrange equations of motion become

θ̈1 +
g

`
θ1 −

g

`
λθ2 = 0

θ̈2 +
g

`
θ2 −

g

`
λθ1 = 0.

Using the form θi(t) = θi0e
−iωt, we have an eigenvalue equation −ω2 + g/` −λg/`

−λg/` −ω2 + g/`

 θ10

θ20

 = 0.

Solving for roots of the determinant of the above matrix, we have ω2 = g/`(1± λ).

(i) For ω = ω+ =
√

1 + λω0 (ω0 =
√

g/`), the eigenvector of the above eigenvalue equation is

(θ10, θ20) =
√

2−1(1,−1).

(ii) For ω = ω− =
√

1− λω0, the eigenvector is (θ10, θ20) =
√

2−1(1, 1).

(c) The general solution is θ1(t)

θ2(t)

 = a+
1√
2

 1

1

 cos(ω−t + φ−) + a−
1√
2

 1

−1

 cos(ω+t + φ+).

φi = 0 is consistent with the initial condition θ̇i = 0 at t = 0. The condition θ1 = θ0, θ2 = 0 at

t = 0 gives θ0 =
√

2−1(a+ + a−) and 0 =
√

2−1(a+ − a−). Therefore a+ = a− = θ0/
√

2. Finally

θ1(t) =
θ0

2
[cos(ω+t) + cos(ω−t)]

θ2(t) =
θ0

2
[cos(ω+t)− cos(ω−t)].

(d) θ2(t) = θ0 sin(δωt) sin(ω̄t) with δω = ω+ − ω− and ω̄ = (ω+ + ω−)/2. The evelope function

sin(δωt) reaches maximum at

t =
π

2δω
=

π

2(
√

1 + λ−
√

1− λ)

√
`

g
≈ π

2λ

√
`

g
.

P2. (a) ωα = α̇ẑ0, ωβ = β̇x̂, and ωγ = γ̇ẑ. Since ẑ0 = ẑ cos β + ŷ sin β,

ω = ωα + ωβ + ωγ = (γ̇ + α̇ cos β)ẑ + α̇ sinβŷ + β̇x̂.



(b) K = 1
2ω · I · ω = 1

2(I1ω
2
x + I1ω

2
y + I3ω

2
z) = 1

2 [I1(β̇2 + α̇2 sin2 β) + I3(γ̇ + α̇ cos β)2]. The

potential energy is −Mg` cos β, and finally

L =
1
2
[I1(β̇2 + α̇2 sin2 β) + I3(γ̇ + α̇ cos β)2] + Mg` cos β.

(c) α, γ are cyclic coordinates. pγ = ∂L/∂γ̇ = I3(γ̇ + α̇ cos β) and pα = ∂L/∂α̇ = I1α̇ sin2 β +

I3(γ̇ + α̇ cos β) cos β = I1α̇ sin2 β + pγ cos β. With the initial conditions pγ = I3ω0 and pα =

I3ω0 cos β0.

(d) The energy at t = 0 is E = 1
2I3ω

2
0 − Mg` cos β0. With the constants pα, pγ the energy

becomes

1
2
I3ω

2
0 −Mg` cos β0 =

1
2
I1β̇

2 +
I2
3ω2

0

2I1

(cos β0 − cos β)2

sin2 β
+

1
2
I3ω

2
0 −Mg` cos β.

One obvious solution for β̇ = 0 is β = β0. The other solution can be obtained by expanding

β around β0 as β = β0 + ∆β. ∆β is small in the large ω0 limit. Taylor-expanding the above

energy equation with β̇ = 0, we get

0 =
I2
3ω2

0

2I1

(cos β0 − cos β)2

sin2 β
−Mg`(cos β − cos β0) ≈

I2
3ω2

0

2I1

(sinβ0∆β)2

sin2 β0
−Mg`(− sinβ0∆β).

Therefore

∆β = − 2I1

I2
3ω2

0

Mg` sin β0.

P3. (a) pθ = ∂L/∂θ and H = pθθ̇ − L. So,

H(pθ, θ) =
p2

θ

2m`2
+ mg`(1− cos θ).

(b) With the small angle approximation, H = p2
θ/(2m`2) + 1

2mg`θ2. Since P = H is just what

the Hamilton-Jacobi transformation relates P and H. (It only uses notation α instead of P .)

Therefore the generating function S(θ, P, t) satisfies the equation (pθ = ∂S/∂θ)

1
2m`2

(
dW

dθ

)2

+
1
2
mg`θ2 = P.

S(θ, P, t) =
∫ [

2m`2
(

P − 1
2
mg`θ2

)]1/2

dθ

Q =
∂S

∂P
=
√

2m`2

∫ 1/2√
P − 1

2mg`θ2
dθ =

√
ell2

g

∫ ( 2P

mg`
− θ2

)−1/2

dθ

=

√
`

g
sin−1

(
θ√

2P/mg`

)
.

It turns out that θ =
√

2P/mg` sin(ω0Q) and p2
θ = 2m`2(P−1

2mg`θ2) = 2m`2[P−P sin2(ω0Q)] =

2m`2P cos2(ω0Q) and thus pθ = `
√

2mP cos(ω0Q), which is the same transformation as the ex-

ample we discussed in class.



(c) Jθ =
∮

pθdθ and pθ = ∂S/∂θ.

Jθ =
∮

pθdθ =
∮ [

2m`2
(

P − 1
2
mg`θ2

)]1/2

dθ = m`2
√

g/`π(2P/mg`) = 2πP
√

`/g.

ν =
∂H

∂Jθ
=

∂P

∂Jθ
=

1
2π

√
g

`
.

(d) The maximum amplitude θmax happens when pθ = 0 and θ2
max = 2P/mg`. Expressing P in

terms of adiabatic invariants Jθ, we have

θ2
max =

Jθ

πmg1/2`3/2
.

(e)

E =
1
2
mg`θ2

max =
Jθ

2π

√
g

`
=

ωJθ

2π
.

Therefore,

∆E =
Jθ

4π
√

g`
∆g.


