PHY509: FINAL SOLUTION

P1. (a) The kinetic energy K = %mEQ(Q% + 0%) and the potential energy due to gravity is
Vy = —mgl(cos by + cos ) ~ —2mgl + tmgl(3 + 63). With the interaction, the Lagrangian
becomes
1 . . 1
L= §m£2(9% +62) — 5mgé(ef + 02) + Amgl,05.

(b) The Euler-Lagrange equations of motion become

é1+g01 —g/\92 =0
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92+€02 €A91 = 0.

Using the form 6;(t) = 6;0e =™, we have an eigenvalue equation

( ~wr g/l —Xg/t ) ( 610 ) 0
Mg/t —wP g/t 620
Solving for roots of the determinant of the above matrix, we have w? = g/f(1 4 \).
(i) For w = wi = V1 + dwp (wo = /g/€), the eigenvector of the above eigenvalue equation is
(610,020) = V271(1,-1).
(ii) For w = w_ = /I — Awp, the eigenvector is (819, 620) = V2-1(1,1).
(

¢) The general solution is

el(t) =a L L COS(wW a L L COS(Ww
(62@) ) = +\/§(1) (w-t+o-)+ _\/5(—1) (Wit + o).

¢; = 0 is consistent with the initial condition §; = 0 at ¢ = 0. The condition 6; = 6,6, = 0 at
t =0 gives p = V2~1(ay +a_) and 0 = v2-1(ay — a_). Therefore ay = a_ = 6y/+/2. Finally

01(t) = %[cos(uurt) + cos(w_t)]
O2(t) = %[cos(wgﬁ) — cos(w_t)].

(d) 02(t) = 6p sin(dwt) sin(wt) with dw = wy —w_ and @ = (w4 + w_)/2. The evelope function

sin(dwt) reaches maximum at
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P2. (a) wy = d29, wg = B%, and wy = YZ. Since zg = zcos 3 + ysin 3,

Ww=wy+wgtw,= (% 4 ércos B)z + ésin By + [%.



(b) K = 3w -1 -w = L(Liw? + hwp 4 I3w?) = LI (8% + a?sin? B) + I3(% + dcos B)?]. The
potential energy is —M gl cos 3, and finally

1 .
L= 5[11(52 + &2 sin? B) + I3(% 4 d cos 3)%] + Mgl cos .

(¢) a, are cyclic coordinates. p, = OL/0% = I3(¥ + cicos B) and p, = OL/O¢ = I1dsin® B +
I3(% + cecos B) cos 3 = Lésin® B + p,cos 3. With the initial conditions p, = 3wy and p, =
I3wq cos By.

(d) The energy at t = 0is E = %Igwg — Mgl cos 3y. With the constants p,,p, the energy

becomes

I3wE (cos By — cos )2
21 sin? 3

1 1. 1
§Igw(2) — Mgl cos By = 51152 + + 513“)(2) — Mgl cos (3.

One obvious solution for 3 = 0 is 8 = By. The other solution can be obtained by expanding
B around Sy as 8 = Gy + AB. AP is small in the large wg limit. Taylor-expanding the above
energy equation with ﬂ =0, we get

I2w32 (cos By — cos 3)* I3w? (sin BpAB)?
- M _
21 sin? 15} gt(cos 3 — cos i) ~ 2]1 sin? Bo

0= — Mgl(—sin Gy AS).

Therefore

21
12 ! 5 Mgl sin 3.

AB=—
P3. (a) pg = dL/06 and H = pyf — L. So,

H(pg,0) =

2 €2 + mgl(1 — cosB).

(b) With the small angle approximation, H = p3/(2mf?) + %ngGQ. Since P = H is just what
the Hamilton-Jacobi transformation relates P and H. (It only uses notation « instead of P.)

Therefore the generating function S(6, P, t) satisfies the equation (py = 95/06)
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= \/Zsin_1 (0 )
N g V2P/mgl '

It turns out that 6 = \/2P/mglsin(wyQ) and p} = 2me?(P—imgl6?) = 2ml*[P—P sin?(woQ)] =
2ml2 P cos? (wpQ) and thus py = +/2mP cos(wp@), which is the same transformation as the ex-

ample we discussed in class.



(c) Jo = $ ppdf and py = 9S/06.

_ _ 2 1 N2 e _ /
Jp = fpgd& = ]{ {2m€ <P - img% df = mtl=\/g/tn(2P/mgl) = 2nP\/{/qg.
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(d) The maximum amplitude f,,x happens when py = 0 and 62, = 2P/mgl. Expressing P in

terms of adiabatic invariants Jy, we have
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Therefore,
AE =

Ag.



