
PHY509: Mid-Term Solution

P1. (a) Substituting F = ku3 into the EOM, we get d2u/dφ2 + u = −(mk/l2)u and therefore

d2u/dφ2 + α2u = 0 with α =
√

1 + mk/l2. Then we have a general solution,

u = A cos[α(φ− φ0)].

(b) The energy conservation has

1
2
mṙ2 +

l2

2m
u2 +

k

2
u2 = E.

Since the equation holds for all φ, let’s pick φ = φ0. Then ṙ = (−1/u2)(du/dφ)φ̇ = (−1/u2)φ̇ ·
Aα sin[α(φ0 − φ0)] = 0 and we have 1/2(l2/m + k)A2 = E and A =

√
2E/(l2/m + k). (c) The

scattered particle is at infinity (u = 0) at cos[α(φ−φ0)] = 0, i.e, φ = φ0±π/(2α). Therefore the

angle 2∆φ made by the incoming and outgoing asymptotes is π/α. Since the scattering angle θ

is

θ = π − 2∆φ = π

(
1− 1√

1 + mk/l2

)
= π

1− 1√
1 + k/mv2

0s
2

 .

(d) From (c), s2 = (k/mv2
0)[(1− θ/π)−2 − 1]−1.

σ(θ) =
1

2 sin θ

ds2

dθ
=

k

2mv2
0 sin θ

(2/π)/(1− θ/π)2

[(1− θ/π)−2 − 1]2
.

P2. (a) v = ẋx̂ + ẏŷ + żẑ and ω = ωẑ. The Coriolis force is −2mω×v = −2mω(ẋŷ− ẏx̂) and

the centrifugal force −mω× (ω× r) = −mω2ẑ× (ẑ× r) = −mω2ẑ× (xŷ−yx̂) = mω2(xx̂+yŷ).

(b) Drop the centrifugal force and the equation of motion becomes ma = −mgr̂−2mω(ẋŷ− ẏx̂).

Since the motion is nearly in the x− z plane, we have r̂ = cos θẑ + sin θx̂ and

ẍ = −g sin θ + 2ωẏ, ÿ = −2ωẋ, and z̈ = −g cos θ.

(c) With ω = 0 the motion would have been only in the x − z plane. So we approximate

the Coriolis force in the x − z plane as negligible, i.e, vx = −gt sin θ and vz = −gt cos θ.

Then ÿ = 2ωgt sin θ. Solving this equation with the initial condition y(0) = 0, ẏ(0) = 0 gives

y(t) = 1
3gt3ω sin θ. The time of flight for the fall is t =

√
2h/g. The object falls eastward (y > 0)

by the displacement 1
3g(2h/g)3/2ω sin θ.

P3. (a) The Cartesian coord for the bead is x = X + R sin θ and y = R cos θ. Therefore the

kinetic energy of the whole system is

T =
1
2
MẊ2 +

1
2
Iφ̇2 +

1
2
m(ẋ2 + ẏ2)

=
1
2
MẊ2 +

1
2
MR2φ̇2 +

1
2
m[(Ẋ + Rθ̇ cos θ)2 + R2θ̇2 sin θ]

=
1
2
(M + m)Ẋ2 +

1
2
MR2φ̇2 +

1
2
m(R2θ̇2 + 2RẊθ̇ cos θ)



Therefore the Lagrangian is

L =
1
2
(M + m)Ẋ2 +

1
2
MR2φ̇2 +

1
2
m(R2θ̇2 + 2RẊθ̇ cos θ)−mgR(1− cos θ).

(b) With the small angle approximation, we collect terms in L up to the quadratic order of θ,

i.e., θ̇ cos θ ≈ θ̇ and cos θ ≈ 1− 1
2θ2. Therefore

L ≈ 1
2
(M + m)Ẋ2 +

1
2
MR2φ̇2 +

1
2
m(R2θ̇2 + 2RẊθ̇)− 1

2
mgRθ2 + const.

The Euler-Lagrange equations for variable X, φ, θ are, respectively,

(M + m)Ẍ + mRθ̈ = 0 (1)

MR2φ̈ = 0 (2)

Rθ̈ + Ẍ + gθ = 0 (3)

Motion of φ is irrelevant in the case of no friction because there is no torque exerted on the ring

at all. From (1), Ẍ = −mRθ̈/(m + M) and its substitution into (3) gives

θ̈ − m

m + M
θ̈ +

g

R
θ =

M

m + M
θ̈ +

g

R
θ = 0.

Therefore the oscillation frequency is
√

g(1 + m/M)/R.

(c) Introducing the Lagrange multiplier −λ(X − Rφ) from the constraint X = Rφ + const.

results in the modified EOM,

(M + m)Ẍ + mRθ̈ = λ (4)

MR2φ̈ = −λR (5)

Rθ̈ + Ẍ + gθ = 0 (6)

(d) From (4)+(5)/R, we eliminate λ in (M + m)Ẍ + mRθ̈ + MRφ̈ = 0. Using the constraint

Ẍ = Rφ̈ we get (2M + m)Ẍ + mRθ̈ = 0. Following the same steps as (b), we get an equation

for θ with the new frequency
√

g(1 + m/2M)/R,

2M

m + 2M
θ̈ +

g

R
θ = 0.

(e) From (4)-(m+M)(6), λ = mRθ̈ − (m + M)Rθ̈ − (m + M)gθ = −MRθ̈ − (m + M)gθ =
1
2(m + 2M)gθ − (m + M)gθ = −1

2mgθ.


