PHY509: SOLUTION HW #7.

P1. (a) Since the bead are equi-spaced in equilibrium the interval between the beads is 2rR/N.
(b) With the virtual displacement Rdn; from the equilibrium causes the potenital energy from

interaction with neighbors as

V(ém)

1 1
SR+ 0m =y + 2w R/N — a)® + ShOer = —om + 2 R/N — a)?
= V(ém =0)+ k2 — m—1 — mp1)dm + O(6n}).

Therefore Q; = —0V/0n = k(ms1 + m—1 — 2m).

c) Since the kinetic energy 1s just 1'= 5 , the Euler-Lagrange equation becomes
Since the kineti is just 7 = & 5,77, the Euler-L ion b
meta; + k(2m — g1 —m—1) =0, forl=1,--- N

with the periodic boundary condition, ny11 =1 and 19 = N

(d) Use the form ;(t) = noe’® =" with undetermined wave number k and frequency w. Sub-
stituting this into the EOM, we get —mw? + k(2 — ¥ — e~ %) = 0 and w? = (2k/m)(1 —cos k) =
(4k/m) sin(k/2). By imposing the boundary condition 1y = 1y with the above form m(t), we
get €N = 1. Threfore we get allowed k values as k = 2rm/N with m = 0,1,---, N — 1. Now,
given k, we obtain the frequency by w = \/fnz sin(k/2). Note that the k = w = 0 solution is not
a oscillator solution. It corresponds to the uniform rotation motion of all the beads.

P2. (a) The Cartesian coordinates of the masses are 1 = [sinfy,y; = —lcosf; and zo =
Isin€; + lsinfy,y; = —lcosf; — lcosfy. With the small angle approximation, we write x1 =

101,91 = -1+ %l@% and xo =101 + 102,y1 = —21 — %l(@% + 62). Now the kinetic energy becomes

1 ) . . )
T = 5m(m%+yf+x§+y§)

Q

DO | =

1 . . . . .
Sl [0+ (61 4 62)2 + 000 + (016 + 0:0)] ~

The potential energy up to an arbitrary constant is V- = mg(y1 + y2) = %mg(Q@% + 63) + const.
Finally the Lagrangian is L =T — V ~ mi? {9% + (61 + 92)2} — 1mg(20% + 63).
(b) The EOMs for §; are
. .9
201 +0+ 61 = 0

51+é2+%92 =0

Using 6;(t) = 8%~ we get

—w2(291 + 92) + 2w801 =0
—w?(01 4 09) + Wiy = 0, with w? = g/I.



From the second eq, we get 02 = 61w?/(w} — w?) and by substituting this to the first eq,
2(w? — wd) + wl/ (W — w?) = 0. Therefore +w? = v/2(w? — W3) and w3 = WZ/(1F 1/V2).

(c) With w = wy, the eigenvalue equation becomes

+/2 1 0\
(17 ) ()

The solution is (01,02)4 = (1,—+/2) and (61,62)_ = (1,v/2) (without normalization). So we can

write a general solution as

Hl(t) = 1 COS(w L COS(w
(02(75)>_A+(—\/§) (+t+¢+)+A(\/§) (w-t+¢-).

Since ; = 05 = 0 at t = 0, we have ¢+ = ¢— = 0 for the same reason as we discussed in class for
a textbook example. From the initial condition of angular amplitudes, we have 6y = Ay + A_
and 0y = v/2(—Ay+A_). The solution is A, = p(v/2—1)/2v2, A_ = 0y(v/2+1)/2v/2. Finally,

0:1(t) = 29\%[(\/5 — 1) cos(wyt) + (V24 1) cos(w_t)]
Oo(t) = 0—0[—(\@ — 1) cos(wyt) + (V2 + 1) cos(w_t)].
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