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In 2003, WitterEl showed that Feynman amplitudes in Yang-Mills theory
are related to holomorphic curves in twistor space.

Thttp://arXiv.org/abs/hep-th/0312171
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Vectors and Spinors

Photons and electrons are elementary particles whose interactions are de-
scribed by Quantum Electrodynamics (QED).

Relativistic spacetime is the set of points z# = (ct, x,y, z) in R* with norm
c?t? — 22 — % — 22 invariant under Lorentz transformations. Photons are
represented by a vector field A#(x) over spacetime. Photons are massless
and have spin magnitude unity in units of Planck’s constant F.

The Lorentz group is essentially SL(2,C), which has complex fundamental
representation in terms of spinors and conjugate spinors. A two-component
spinor field represents a massless particle with spin 7/2. Electrons have
mass and are represented by a bi-spinor field ¢ (x).



Feynman Diagrams

The interactions of electrons and photons in QED are determined by the
Lagrange density

£ = e p(@)yb(x) A" ()
Predictions of QED are derived from functional integrals

/ﬂ@ﬂwﬂﬂéf“‘

Perturbation theory involves expanding a functional integral as a power
series in the coupling constant e. Feynman showed how to represent the
terms of order €™ in terms of a sum of graphs with n nodes. These graphs
are now called Feynman DiagramsE]

Zhttp://wuw2.slac.stanford.edu/vvc/theory/feynman. html.
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Electron Magnetic Moment

A non-interacting electron has gyromagnetic ratio g = 2. Interactions with
photons cause an anomaly measured experimentally

ae = (g —2)/2 = (1159.65218073 = 0.00000028) x 10~°

The Feynman diagram perturbation series for a. can be written:
e? e\’ ez \° 2 \*
Ci| —— Co | —— Cs | —— Cy| ——
! (4772hc> T <47r2hc) e <47r2hc) e (47T2hc) *

The first coefficient was computed in 1948 from a single Feynman diagram
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FIG. 1. (a) A typical diagram containing fourth-order
vacuum-polarization subdiagram. There are three more
diagrams of this type. (b) A typical diagram containing
second-order vacuum-polarization subdiagram. There
are 12 diagrams of this type. (c) A typical diagram
containing photon-photon scattering subdiagram. Six
diagrams belong to this group. (d) A typical diagram of
three-photon-exchange type. There are 50 diagrams of
this type.

Figure 1: Diagrams contributing to C3, from Cvitanovi¢ and Kinoshita,
http://link.aps.org/doi/10.1103/PhysRevD.10.4007.
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http://link.aps.org/doi/10.1103/PhysRevD.10.4007

The second was computed in 1957 from 7 Feynman diagrams

197 7r2_7r21n2 3¢(3)

112 2 4

Cy

The third coefficient was computed numerically from 72 Feynman diagrams
around 1972, and in analytic form by 1996.

The fourth coefficient involves 891 Feynman diagrams and is known to a
fraction of a percent by numerical Monte Carlo quadrature of functions in
eleven dimensions.

Efforts currently underwa)E] to estimate C5 are considered necessary for
comparison of theory with experiment.

3T. Aoyama et al., http://arXiv.org/abs/0810.5208
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Yang-Mills Theory

Quantum Chromodynamics (QCD) is a Yang-Mills Theory used to model
the strong nuclear force.

QCD is based on the non-abelian group SU(3). Eight massless vector
gluons in the 8-dimensional adjoint representation of SU(3) interact with
3 massless quarks in the fundamental representation. The bound states
of this theory are SU(3) singlets. They represent the proton, the neutron,
and other strongly interacting subatomic particles with non-zero masses.
Non-singlet states have effectively infinite masses.

The existence of Yang-Mills theory and its mass gap is a Clay Mathematics
Institute Millenium Prize Problem(’l

4 http://www.claymath.org/millennium/Yang-Mills_Theory/
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Yang-Mills Feynman Rules
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QCD and Electron-Positron Annihilation
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Celmaster and R.G., http://link.aps.org/doi/10.1103/PhysRevD.21.3112

11


http://link.aps.org/doi/10.1103/PhysRevD.21.3112

Twistor Space

Spinors are complex objects on spacetime. Spinors solutions of a massless
equation can be used to construct vectors and higher order tensors.

In 1967, Penrose introduced a twistor equation for spinors in an attempt
to derive spacetime from a more primitive twistor space. Twistor solutions
of this equation are realized on compactified complex spacesﬂ

The equations of classical electrodynamics and general relativity can be for-
mulated in twistor space. Penrose's “twistor program” to quantize general
relativity has not been fully realized.

Witten's 2003 article on twistor string theory has reinvigorated Penrose's
twistor program in a broader context.

5Twistor Theory Basics: http://users.ox.ac.uk/~tweb/00006/index.shtml
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Yang-Mills Scattering Amplitudes

The number of leading order Feynman diagrams (trees) in the amplitude
for scattering of n Yang-Mills particles grows faster than n!

Number of particles | 4 5 6 7 8 9
Number of diagrams | 4 25 220 2485 34200 559405

Each diagram contributes an exponentially growing number of terms. Nev-
ertheless, the numerical value of an amplitude is generally of the same order
of magnitude as any term in the sum!

Much research has been done on finding compact analytical expressions
expecially for tree diagrams with definite particle helicities.
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Maximally Helicity Violating Amplitudes

In 1986, Parke and Taylorﬁ showed that the MHV amplitude in SU(V,)
Yang-Mills theory for n particles, with particles 1 and 2 having negative
helicities and the other n — 2 positive helicities, is
1
“o(x)

(ps, pj) is an inner product of massles spinors with momenta p; ;.

ig" 28 (1 + -+ pa) [ (1 2)* [ |

el (pi Pit1)

These remarkable cancellations hint at a simpler underlying formulation.

Shttp://link.aps.org/doi/10.1103/PhysRevLett.56.2459
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Yang-Mills Amplitudes in Twistor Space

Witten showed that a tree-level n-particle Yang-Mills amplitude with ¢
negative helicity particles is zero unless its transform to twistor space lies
on a curve of degree ¢ — 1.

He outlined a program to construct such amplitudes by studying the dif-
ferential geometry of curves (strings) in twistor space.

There has been much recent activity over the past 5 years to derive simple
analytic expressions for Feynman amplitudes in twistor space, with mixed
results.

The talks at a 2007 meetini] on this topic give an idea of progress made
and obstacles encountered in these efforts.

“http://www.maths.dur.ac.uk/events/Meetings/LMS/2007/TSAS/talks.html
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URGE Project: Graph/Amplitude Generation

For CSUMS | proposecﬁ further developing the Java diagram generator
FeynChoid?| written by Chul-Woo Choi (Ph.D. 2004).

A C++ Version is in progress but perhaps not well suited for URGE 2010.
The FeynArts Mathematica packag({i;c] is convenient and widely used.

The Qgraf Fortran prograr‘rE-] is fast and also widely used.

8http://copper.math.buffalo.edu/urge/uploads/URGE2010/csums_team_
project_gonsalves.pdf

9http://www.slac.stanford.edu/spires/find/hep/www?rawcmd=find+T+
FEYNCHOIS&FORMAT=WWW&SEQUENCE=

Bhttp://www.feynarts.de/

Whttp://cfif.ist.utl.pt/~paulo/qgraf.html
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Enumeration and Isomorphism Algorithms

To control the factorial explosion of terms, various lexicographic (orderly)
algorithms have been developed. Finding a name in a telephone directory
is trivial. It would be next to impossible if the names were listed in random
order!

Qgraf algorithms were modeled on work in graph theory to enumerate and
catalog, for example, the 12,005,168 simple graphs on 10 verticesFE]

Orderly algorithms are often not perfect. It is not known whether perfect
algorithms exist in general. Efficient algorithms to identify isomorphic
graphs have been developed. They were used in a recent enumeration of
non-isomorphic factorizations of the complete graph on 14 verticesF—_gl

12R.D. Cameron et__al., J. Graph Theory 9, 551 (1985).
13p. Kaski and P. Ostergard, http://arxiv.org/abs/0801.0202
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Feynman-Twistor-Connection Combinatorics

Mathematica Combinatorica Package: http://reference.wolfram. com/
mathematica/Combinatorica/guide/CombinatoricaPackage.html.

Boost C++ Graph Library: http://www.boost.org/doc/1libs/1_40_
0/1ibs/graph/doc/table_of_contents.html|

The team will learn to use these packages to solve classic problems in graph
generation and enumeration.

We will also learn to use FeynArts and Qgraf to generate Feynman ampli-
tudes.

We will adapt these packages, and develop algorithms if necessary, for
twistor amplitude combinatorics.

18


http://reference.wolfram.com/mathematica/Combinatorica/guide/CombinatoricaPackage.html
http://reference.wolfram.com/mathematica/Combinatorica/guide/CombinatoricaPackage.html
http://www.boost.org/doc/libs/1_40_0/libs/graph/doc/table_of_contents.html
http://www.boost.org/doc/libs/1_40_0/libs/graph/doc/table_of_contents.html

	Founding Fathers
	Vectors and Spinors
	Feynman Diagrams
	Electron Magnetic Moment
	Yang-Mills Theory
	Yang-Mills Feynman Rules
	QCD and Electron-Positron Annihilation
	Twistor Space
	Yang-Mills Scattering Amplitudes
	Maximally Helicity Violating Amplitudes
	Yang-Mills Amplitudes in Twistor Space
	URGE Project: Graph/Amplitude Generation
	Enumeration and Isomorphism Algorithms
	Feynman-Twistor-Connection Combinatorics

